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Abstract
This paper proposes a scheme to improve the stability of wavelet decompositions

on 1-D irregular grids. Wavelet transforms on irregular grids are constructed using the
lifting scheme. The filters in this scheme take the structure of the grid into account.
Nice as it is, however, we undoubtfully bump into numerical stability issues directly
related to the irregularity of the grid. Existing stabilizing methods concentrate on the
filters used in the lifting scheme itself. While this may be effective in reducing the
instability, they are inadequate when a highly irregular grid is involved. The approach
presented in this paper is different, as it concentrates on the subsampling or subdivi-
sion. Grid locations in the multiscale transform are inserted in such an order that the
irregularity of the grid at coarse scales is kept under control. This way, the proposed
algorithm prevents instability at coarse scales, rather than healing it. Simulations illus-
trate that the proposed multiscale decomposition scheme is much more stable than the
currently available transforms, especially at coarse scales, where effects of instability
have a wide range.

Introduction

The lifting scheme [14, 13] has proven to be an excellent tool for extending the scope of ap-
plications of wavelet or general multiscale decompositions. The filters used in this scheme
can be made grid-adaptive (i.e., non-stationary), nonlinear [1], or even data-adaptive [2,
8, 9]. Grid-adaptive, non-stationary filters [4, 10, 16] are interesting in the extension of
wavelet transforms for data on non-equidistant grids.

The lifting filters can be designed according to several criteria. These criteria include
existence and smoothness of the associated wavelet basis functions. It is also important
that those basis functions can be found numerically from a convergent multiscale subdi-
vsion scheme. Another criterion is sparsity. A wavelet representation is sparse if a large
proportion of its coefficients are not significant. Coefficients that are not significant, can
be omitted in a compression scheme. In classical wavelet decompositions, compression is
achieved by thresholding the smallest coefficients. Compression rates are determined by
both the proportion of small coefficients and by closeness to zero of the individual coeffi-
cients. An important parameter in this context is the (dual) number of vanishing moments,
defined in Section 1. A fourth criterion is numerical stability. As explained in Section 2.
instability means that a transform is ‘far from orthogonal’. As a consequence, it is difficult
to control the effect of operations on wavelet coefficients — such as thresholding — after
taking the inverse wavelet transform.

Although stabilitizing lifting filters have been designed in previous contributions [10,
16, 17], the stability of the resulting transform still depends on the irregularity of the un-
derlying grid. This is formalized in a homogeneity constant, defined in Section 2.1. The
goal of this paper is to develop a grid-adaptive subsampling scheme such that subgrids on
intermediate levels are as regular as possible. If the grid of the observations is highly irreg-
ular, this irregularity inevitably shows up at the finest resolution level. At the finest level
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local instabilities, however, have a limited range. In the classical subsampling scheme not
only some of the irregularity persists at coarser scales, but also new irregular structures may
show up. Although a locally adaptive subsampling procedure [16] may help to reduce the
effect of instabilities, this scheme still prefers the classical, regular subsampling idea, with
local exception handling. The scheme presented in this paper is globally grid-adaptive in
the sense that it does not a priori prefer the classical regular subsampling. Thereby, it can
easily be combined with any sort of lifting filters.

This paper is organized as follows: in Section 1 the key concepts about lifting are
summarized. Section 2 introduces the idea of grid-adaptive subsampling, called splitting in
a lifting context. Section 3 details the proposed method. The results are given in Section
4.

1 Second generation wavelets

The lifting scheme as proposed in [12] makes it possible to carry out discreet wavelet
transforms without leaving the spatial domain. This scheme can easily be extended for
wavelet transforms on irregular grids leading to what are called second generation wavelets
[13]. The lifting scheme consists of three stages that we briefly discuss.

In the first stage the input data sj are subdivided into two disjunct sets: the even and
the odd set. In the remainder of this paper we keep referring to the two sets in terms of
even and odds – as originated from the classical setting – although lateron the words even
and odd will loose their meaning1.

In the second stage the value of each odd gridpoint is predicted in terms of values of
even gridpoints. This predicted value is subtracted from the real value and represents the
detail or wavelet coefficient dj−1,k:

dj,k = sj+1,2k+1 − νj+1,2k+1 ∗ sj+1 , (1)

with νj+1,2k+1 the impuls respons of the prediction filter, depending on the prediction
location xj+1,2k+1. Note that the filter coefficients are non-stationairy unlike in the regular
setting. At this step the coarser scaling functions connected to the even grid locations are
built out of the finer scaling functions involved:

ϕj,k(x) = ϕj+1,2k(x) +
∑

m

ν
[m]
j+1,2(k−m)+1ϕj+1,2(k−m)+1(x). (2)

With ν
[m]
j+1,2(k−m)+1 the mth coefficient of νj+1,2(k−m)+1. This equation is better known

as the dilatation equation. Properties as compressions characteristics of a wavelet analysis
depend on the order of the predictor.

Definition 1 The dual order Ñ of a of a multi-resolution analyses is given by:

Ñ = max {N |∃j0 so that ∀j ≥ j0 : ΠN ⊂ Vj} ,

with ΠN the space spanned by polynomials of degree less or equal to N − 1 and Vj the
space spanned by the scaling functions ϕj .

This means that all polynomials up to degree Ñ − 1 lie in the spaces Vj (j ≥ j0), and can
be expressed in terms of scaling functions ϕj .

The third stage is an update step. This step assures that several properties such as
the mean value and higher order moments of the incoming high resolution fj = Pjf

representation are being preserved in the output fj−1 = Pj−1f , with Pj the projection
operator on space Vj .

1The odd gridpoints will be assigned a detail coefficient while the evens pass the lifting scheme carrying a
scale coefficient.
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Figure 1: The lifting scheme. Here a 4-taps prediction filter and 2-taps update filter is presented.
The prediction can be seen as an high-pass filter when it’s output has been subtracted from the odd
samples. The update filter can be understood as an anti-aliasing filter by adding its output to the
decimated signal. This shows why the lifting scheme implements a filter bank in a very efficient
manner.

Definition 2 We define a p-th order vanishing moment of ψj,k as:
∫

∞

−∞

xpψj,k(x)dx = 0.

Definition 3 The primal order N of a multi-resolution analyses is defined as:

N = max {n|∃j0 so that ∀j ≥ j0 : ΠN ⊥Wj} .

Considering definition 2, we learn that wavelet functions must have vanishing moments of
order p = 0, ..., N − 1 to have a multi-resultion analyses of order N . In order to have
a numerical stable transform the primal order must be at least one [6]. The number of
vanishing moments given to the wavelet functions determine the approximation speed of
the inverse wavelet tranformation to the original signal. Analogous to the prediction phase
we have:

ψj,k = ϕj+1,2k+1 −
∑

m

µ
[m]
j+1,k−mϕj,k−m,m (3)

The scaling coefficients are updated accordingly:

sj,k = sj+1,2k + µj+1,k ∗ dj (4)

By cascading different lifting schemes, letting the scaling coefficients of the previous
scheme be the input of the next one, we can perform a full wavelet decomposition over
multiple scales. Note that in the irregular setting the filter coefficients are adapted to the
underlying grid locations while the stencil moves along. Because of this non-stationary
behaviour, base functions are no longer translates of each other. Dilation, however, still
applies localy (see eq. (2)).

2 Grid adaptive splitting

When dealing with irregular grids the classical even/odd splitting scheme can not prevent
scale mixing. Mixing of scales undoes the benefits and even the concept of a multi scale
analysis. Multi-resolution analysis wants to represent a function f by fj = Pjf with the
same degree of resolution along the interval. In the passed, there have been proposed some
ad hoc methods [15] that worked under specific settings, but failed in general.
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For applications as noise reduction where some wavelet coefficients are being subjected
to thresholding, keeping the transformation stable is of utmost importance. Otherwise a
small perturbation on a coefficient could have a huge impact on the rectified signal. The
cause of this behavior lies in the fact the base functions of the different wavelet spaces
are too strangled up with each other, such that slightly perturbating a coefficient on a high
resolution level could have its effect on coarser levels. Avoiding scale mixing is a necessary
step to enforce stability. The instability caused by scale mixing can not be undone by
stabilizing methods trying to orthogonalise the subsequent wavelet spaces afterwards (see
[10]) . Therefore we propose a splitting scheme that tries to handle both scale-mixing
and instability problems. In this manner we become a fully adaptive second generation
wavelet decomposition tool. Not only the prediction and the update, but also the splitting
is made adaptive with respect to the underlying grid. Furthermore, we want to nicely fit
the algorithm into the lifting scheme by keeping it local. A consequence is that we can
only approximate the most stable splitted grid. On the other hand the complexity of the
algorithm does not destroy the fast time complexity property of the lifting scheme.

2.1 Irregularity and Stability

There exists a strong connection between the irregularity of the grid and the stability of
the wavelet transform. Some notions of stability are briefly introduced. We first define
uniformly stable bases:

Definition 4 The sequence of bases Φj is called uniformly stable if there exists constants
c and C, not depending on j, such that

c

2j∑

k=1

|sj,k|
2 ≤ ‖f‖2 ≤ C

2j∑

k=1

|sj,k|
2 ,

for any function fj =
∑2j

k=1 sj,kϕj,k.

Let Tj be the multi-scale transform defined as a chain of inverse two-scale transforms :

Tj := Aj−1

[
Tj−1 0

0 I

]
, T1 := A0 .

If the scale bases Φj = {ϕj} are uniformly stable and the multiresolution analysis is dense
in L2, it can be proven that [3] on the scale bases the corresponding wavelet bases are stable
bases (Riesz bases) if and only if there exists an upper bound for the sequence of condition
numbers κ(Tj).

The irregularity of a grid can be expressed in what we call a homogeneity constant. Let
the gridpoints form a strictly increasing sequence: x0 < x1 < x2 < ... < xN−1 < xN .

Definition 5 The homogeneity constant is defined as

γ∗j = sup
j,k

max(xj,k+2 − xj,k+1, xj,k − xj,k−1)

xj,k+1 − xj,k

. (5)

As long as γ < ∞ the multilevel grid is called homogeneous. Stability of second gen-
eration wavelets can be expressed in terms of this homogeneity constant γ. Earlier work
provides an upperbound of the condition number in terms of the homogeneity constant.
Figure 2 illustrates what happens if we still apply the classical splitting scheme. It shows
the reconstruction of a denoised signal after a simple treshold procedure. The result is far
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Figure 2: (Top left) The original noisy signal. (Top right) The wavelet decomposition exists for a
certain amount of tiny wavelet coefficients. Tresholding those coefficients one can assume to reduce
noise without causing a huge bias in the reconstructed signal. (Bottom right) Those waveletcoeffi-
cients which have a value less then some threshold and lying on the three highest resolution levels
are being thresholded. The rest of the wavelet and scaling coefficients are left untouched. (Bot-
tom left) The figure shows the result of the inverse transformation of the thresholded decomposition.
Small changes in the decomposition have been blown up after inverse tranformation and gave rise to
enormous peaks in the reconstructed signal.

worse then the noisy signal from which we started. Let δc be the difference between the
exact decomposition and the tresholded one, perturbation theorie 2 states that

δf ≈ κ (Tj) δc .

The large condition number of Tj explains why a small treshold can cause such a bias.
Constructing more stable bases leads to a better conditioning of the multi-scale transform
Tj , allowing tresholding to do it’s job right.

3 The proposed method

Recall from equation (2) that scale functions ϕj spanning Vj are formed out of scale func-
tions ϕj+1 spanning Vj+1. But also Vj will be split up resulting into subspaces Wj−1 and
Vj−1. If the scale functions spanning Vj−1 already form an unstable base, — the scale
functions are far from orthogonal — this instability will only further accumulate during
the following decompositions and also affect the stability of the wavelet bases. By care-
fully adapting the construction of the scaling functions one can approve the conditioning
of the corresponding MRA. As a consequence the proposed algorithm cooperates with the
predictor.

2for further reading concerning condition numbers and perturbation theory we refer to literature like [7], [5]
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Suppose the predictor has at least one vanishing moment, then we know that the pre-
diction coefficients sum up to one. If , in addition, all coefficients are positive, we have:

‖ νj,k ‖1=
∑

m

|νj,k,m| = 1. (6)

In this case, the predicted value is a linear convex combination of scale coefficients sj,k,
which can be proven to be stable. Incoming errors ε on the values sj,k causes a prediction
error ν as:

|νk| ≤
∑

m

|νj,k,m||εm| ≤ max
m

|εm
∑

m

|νk,j,m|| =‖ ε ‖∞ .

However, in case of an interpolating prediction scheme only a linear predictor has posi-
tive coefficients. Higher order polynomials give rise to prediction coefficients lying outside
the interval [0, 1]. The coefficients νj,k,m of an interpolating filter are simply the corre-
sponding Lagrange weights.

Each time a scaling coefficient sj+1,2k has contributed to the prediction of an odd
coefficient sj+1,2k+1 , its corresponding intermediate scale function ϕ̂j+1,2k is added to
the scaling function ϕj+1,2k connected to the odd coefficient. After its participation in all
the predictions involved its scale function is that as stated in eq. (2). These contributions
diminish the angle3 between subspaces Vj and Wj . Large prediction coefficients causes
heavy side lobes into the scaling functions, causing a huge overlap between the scaling
functions and the later formed wavelet functions. That is what has to be prevented from
happening. Carefully constructing subgrids selecting a gridpoint xj+1,s between each two
coarser gridpoints xj,k and xj,k+1 such that:

xj+1,s = inf
i

{
max

m
|νj,k,m(xj+1,i)| : xj+1,i ∈ [xj,k, xj,k+1]

}
(7)

These selected gridpoints form the set that we would call the odds, Oj , that are predicted
from the evens, Ej . Merging those sets gives us the even set at a higher resolution level,
Ej+1. We keep performing this algorithm until we eventually have our original set of grid
points at the highest resolution level. Note how the upper bound of the prediction error is
being controlled:

|νk| ≤
∑

m

|νj,k,m||εm| ≤ 4|νj,k,m(xj+1,s)| ‖ ε ‖∞ .

In contrast to what happens at the classical splitting, we work our way bottom up start-
ing from the lowest resolution grid gradually construction finer and finer grids ending up
with the original grid. So, the initial grid consists of both end points of the original irreg-
ular grid. The bottom-up creation of subgrid has the advantage of keeping the transform
as stable as possible at low resolution levels, so the instabilities do not even occur when a
high resolution reconstruction is not required.

Note the similarity of the dependency of stability in terms of the homogeneity con-
stant γ of our splitting scheme where expression (7) can be seen as an extension of the
homogeneity constant which we try to minimize.

3for readers not familiar with the notion angle between spaces please consult [11]
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Figure 3: The figure presents the contribution of each even grid point to the prediction of an in
between grid point when a cubic polynomial prediction is used. The new grid location will be chosen
between the even grid points where maxm |νj,k,m(xj+1,i)| is minimal.

4 Results

On figure 4 the resulting subgrids are plotted for both the even/odd splitting and those of
the adaptive splitting. The figure shows that more regular subgrids are created with the
adaptive method compared to the subgrids resulting from even/odd splitting. Eventually
both end up with the highest level grid. As already been stated, this bottom-up creation of
subgrid keeps the transform as stable as possible at low resolution levels, so the instabilities
do not even occur when a high resolution reconstruction is not an issue. This can be seen
from the picture in figure 6. We have tested our method on numerous irregular grids of wich
the homogeneity constants can be read from figure 6 (end points), and have a range between
24 and 210. As we can see in the same figure the adaptive splitting method outperforms the
classical even-odd splitting. Although not proven, when using grid adaptive splitting the
homogeneity constants versus resolution level seem non-decreasing. The classical method
even/odd splitting, however, could create more irregular subgrids than those lying on a
higher (or even highest) resolution level. On the highest grid, of course, the γJ will be the
same for all methods.

Figure 7 presents the results on the scaling functions and wavelet functions resulting
from the proposed splitting scheme: the scale functions behave more like in the regular set-
ting and also scale mixing is greatly diminished. The presented result lets us already sense
the better stability conditions of the constructed bases with the proposed grid adaptive split-
ting method. Figure 8 shows a boxplot that gives information about the condition number
of Tj produced by different lifting schemes. We see that our proposed algorithm performs
much better than an unstabilized and a stabilized method without adaptive splitting. Finally
Figure 9 shows the output of our algorithm applied to the same data as used in Figure (2)
subjected to a simple treshold. Mark how the decomposition behaves more well-behaved
than that of figure 2. The range of the waveletcoefficients keeps the same order of the range
as that of the input signal. A simple hard tresholding of a lot of wavelet coefficients does
not result in enormous peaks in the rectified signal, while most of the noise is removed.
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Figure 4: (Left) Top-down creation of subgrids by the classical even-odd splitting. (Right) Bottom-up
creation of subgrid by our grid adaptive splitting method.
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Figure 5: The homogeneity constants of fifty irregular grids are plotted against their corresponding
resolution level. Notice that those plots are non-decreasing by application of the adapted method.
By the classical method,however, more irregular subgrids are created than those lying on a higher
resolution level, so better splitting would be recommended.
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Figure 7: (Top) Scaling and waveletfunctions generated by a semi-orthogonalisation method with
classical splitting scheme. (Bottom) Scaling and waveletfunctions generated by the same stabilisation
method, this time with adaptive splitting.
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and a combined semi-orthogonalisation method with the grid adaptive splitting phase.
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Figure 9: Note how the decomposition behaves less versatile than that of figure 2. The range of the
waveletcoefficients is of the order of the range of the input signal range. A simple hard tresholding
of a lot of wavelet coefficients does not result in enormous peaks in the rectified signal, while most of
the noise is removed.
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