SCHUR-NEVANLINNA SEQUENCES OF RATIONAL
FUNCTIONS

ADHEMAR BULTHEEL* AND ANDREAS LASAROW**

ABSTRACT. We study certain sequences of rational functions with poles outside
the unit circle. Such kind of sequences are recursively constructed based on
sequences of complex numbers with norm less than one. In fact, such sequences
are closely related to the Schur-Nevanlinna algorithm for Schur functions on
the one hand and on the other hand to orthogonal rational functions on the unit
circle. We shall see that rational functions belonging to a Schur-Nevanlinna
sequence can be used to parameterize the set of all solutions of an interpolation
problem of Nevanlinna-Pick type for Schur functions.

1. INTRODUCTION

A function g which maps the open unit disk D := {z € C: |z| < 1} into the
complex plane C is a Schur function or belongs to the Schur class S (in the open
unit disk D) if g is holomorphic in I and if its values g(z) are bounded by 1 for
z €D, i.e. g is a holomorphic function such that the kernel

5y(z0) = LIE00) e,
1—2C
is non-negative Hermitian. More explicitly this kernel condition means that for
every choice of m € N := {1,2,3,...} and of the m points 21, 22,...,2, € D the
complex (m x m)-matrix (S(z;, zk));nkzl is non-negative Hermitian. The equiva-
lence of these conditions follows from the considerations on the classical Nevanlinna-
Pick interpolation problem (see [20], [18]).

In the present work, we study a multiple point Nevanlinna-Pick interpolation
problem for Schur functions. A multiple point interpolation problem is a problem
where not only values for the function itself, but also for its derivatives up to a
certain order are prescribed. Here we consider the following problem:
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2 A. BULTHEEL, A. LASAROW

(MNP) Given n € N, mutually distinct points 21, 22,...,2, €D, l1,la,...,l, € N,
and wj, € C, s = 0,1,...,l; — 1, j = 1,2,...,n. Find necessary and
sufficient conditions for the existence of a g € S such that

1
(1.1) 7g(5>(zj) =wjs, s=0,1,....0;—1,j=1,2,...,n.
S

Moreover, describe the set of solutions Sa of all g € S fulfilling (1.1).

Note that Problem (MNP) can be conceived as a generalization of the Schur
coefficient problem (see [23], [1]) on the one hand and on the other hand of the
classical Nevanlinna-Pick problem (see [20], [18]).

As is well-known, it is frequently the case that a finite interpolation problem of
Nevanlinna-Pick type can be reduced, in a suitable way, to the study of a truncated
trigonometric moment problem. Moreover, there exists several approaches to the
solution of such a problem and several generalizations of the problem, too (see, e.g.,
[11], [7], [16], [10], [2], [12], [24], [3], [25], [6]). In particular, it is well-known that
there is a g € S satisfying (1.1) if and only if the generalized Schwarz-Pick matrix
P A which can be computed from the data given in Problem (MNP) is non-negative
Hermitian. In Section 2, we introduce briefly Pa. Moreover, we recall some basic
facts on the Schur-Nevanlinna algorithm for Schur functions which was introduced
by Nevanlinna [18] as an extension of the classical algorithm of Schur [23]. In fact,
we shall deduce that, starting from a g € Sa, the feasibility of this algorithm for g
is closely related to the case that Pa is even positive Hermitian. Furthermore, we
present some basics on linear fractional transformations and on rational functions.

As the main result of this note, in Section 6 we will see that, for the non-
uniqueness case, i.e. if P is a positive Hermitian matrix, the set of solutions Sa
can be characterized by a linear fractional transformation which is determined by
certain rational functions, where S is the set of parameters. In fact, we obtain that
a function g belongs to Sa if and only if there exists a Schur function h fulfilling

S (2) 4 ey (2) 7 (2)R(2)
1.2 z) = , z€D,
(2) o) @) 4 b, ()

where b,,, is a Blaschke factor, the rational functions §,,, v, are elements of a
Schur-Nevanlinna sequence, and (SLT], ’y%n J denote their adjoint rational functions.

Some basic facts on Schur-Nevanlinna sequences of rational functions are ex-
plained in Section 3. In fact, such kind of sequences are connected with the Schur-
Nevanlinna algorithm for Schur functions on the one hand and on the other hand
to orthogonal rational functions on the unit circle. Similar as in the case of ortho-
gonal functions, we will see that the validity of some Christoffel-Darboux formulae
is an important property of Schur-Nevanlinna sequences of rational functions (see
Theorem 4.2 and the inverse question discussed in Section 5).

Note that already in [24] the set of solutions Sa is characterized by a linear
fractional transformation which is determined by some polynomials (without cal-
culating these functions precise). We will also mention that in [19] a modified
Schur-Nevanlinna algorithm is discussed with respect to the real line case and a
multiple point interpolation problem for Nevanlinna functions. The essential new
feature of this paper is that the functions ¢,, and ~,, which appear in (1.2) are
closely related to the orthogonal rational functions on the unit circle which were
introduced by M.M. Djrbashian [8] (see also [4] and other papers cited there). But
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the explicit interplay between Schur-Nevanlinna sequences and orthogonal rational
functions will be done in a forthcoming work.

2. PRELIMINARIES

For Problem (MNP), we assume that the following data are given: n € N,
mutually different points 21, 22, ..., 2, € D, numbers l1,[s,...,l, € Nand w;, € C,
s=0,1,...,l; —1,7=1,2,...,n. We denote this data set by A:

(2.1) A= {(zj,lj, (was)ls 701) :1}

and put

(2.2) mi=> I -1
j=1
For a given function g € S we define similarly

1 L=1\"
Ay = {(Zjalj: (;9( )(Zj)) _0> } :
. s= J:1

In particular, g € Sa if and only if A, = A.
Furthermore, the generalized Schwarz-Pick matriz (with respect to the data A)
of size (m 4+ 1) x (m + 1) is defined as

Pa:= (ij)j,k:p
where the complex (I; X Ij)-matrices

ij = (pj}:) s=0,1,...,0;—1, j,k: 1,2,...,Tl
t=0,1,...,l —1
are determined by the entries

min{s,t} t—ro—s—r

. (s+t—r)! z; "z
P = Tz:% (s—r)'r'(t—r) (1—2 zk)‘”t r+1
l,h P
DI DUNUE L B
B — Wj,s—Wh,t—h
— l I | — . h+b—r+1 718 » ’
(=0 h=0 r=0 r)trl(h =)t (1 = 2Z) "

s=0,1,...,0;—1, t=0,1,...,0, — 1.

In the sequel, 0 stands also for the zero matrix of appropriate size, and if A, B
are Hermitian matrices of the same size, then A > B (resp., A > B) means that
A — B is a non-negative (resp., positive) Hermitian matrix.

Now we recall a well-known criterion for the solvability of Problem (MNP); see,
e.g., [11], [12], [3].

Theorem 2.1. For a given data set A as in (2.1), Problem (MNP) has a solution
if and only if PA >0. The solution is unique if and only if PA >0 with det Po =0.

Since the main goal of this paper is to obtain the description of Sa via (1.2) for
the non-uniqueness case we will always assume in the further course

Pa > 0.

The next considerations are aimed at showing that Pa > 0 is closely related to the
feasibility of the Schur-Nevanlinna algorithm at least m + 1 times for a ¢ € Sa.
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The algorithm presented below goes back to Nevanlinna [18] and is based on the

following version of Schwarz’s lemma (see, e.g., [4, Theorem 1.2.3] for a proof).
Here b, denotes the elementary Blaschke factor corresponding to z € D, i.e.

Z zZ—v

(2.3) b.(v):={ 2| 1—7Zv

v if z=

Remark 2.2. If g € S such that g(z) = 0 then also h := bi €Ss.

z

Now we recall the Schur-Nevanlinna algorithm: Given a function g € S and
some points o, a1, s, ... € D. We set go := ¢ and consider so := go(ag). If so € D
we can define

1 go(2) —so
oo (2) 1- %go(z)
and, if the function gx, k = 0,1,2,..., is already defined and

(24) S - — gk(ak)
belongs to D, then

g1(2) = b

L gr(2) — sk
g (Z) 1- ﬁgk(Z)
If g € § and ag, a1, as,... € D such that the Schur-Nevanlinna algorithm can be
carried out at least r times (that is after obtaining g, and s,), then (sg);_, from
(2.4) is called the sequence of Schur parameters associated with the pair [g, (ax)}_o]-

The algorithm (cf. (2.5)) defines Schur functions gg, g1,¢2,.... It breaks down
after the k-th step (that is after obtaining gi and sg) if and only if s € T. In par-
ticular, the Schur-Nevanlinna algorithm breaks down after the k-th step if and only
if g is a Blaschke product of degree k (cf. [18]). Therefore, using some basic facts on
generalized Schwarz-Pick matrices one can conclude the following statement. (cf.
[14, Section 5], [17, Corollary 3.6]).

(2.5) grr1(2) == 2 , k=0,1,2,....

Theorem 2.3. If g€ S then the Schur-Nevanlinna algorithm can be carried out at
least m+1 times for g (and any points g, a1, ..., i1 €D) if and only if Pa, >0.

In the sequel, we will also apply some well-known results on linear fractional
transformations (see, e.g., [22], [10], [9]). If

o- ()

is a complex (2 x 2)-matrix and w is a complex number such that cw + d # 0, then
we set

aw +b
2.6 T = .
(26) o(w) = 0t
Note that the relation
(27) T@1 (T@2 (w)) = T@192 (’LU)
is fulfilled, and that in the case det ® # 0 the inverse mapping T s given by
dw—1b
(2.8) To! (w) = Tor (w) = ——

—cw + a
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Note that, in view of (2.6)-(2.8), the relation (2.5) can also be written as
ba, (2)gr+1(2) + sk

2= oy (2)ghr1(2) +1 Ta, () (9641(2))
with
o wo () 1) (2 1)(50 1)
and hence
(2.10) 9(z) = go(2) = Tz, (Télw ('”(Ték(z) (91+1(2)) )))

= Tég(z)él(z)mék(z)(gk+1(z))'

In the next section, we shall treat those sequences of rational functions which
are closely related to the Schur-Nevanlinna algorithm on the one hand and on
the other hand to the orthogonal rational functions on the unit circle introduced
by M.M. Djrbashian [8] (see also [4]). Here, for fixed points ag, a1, aq,... € D the

notation 9, k =0, 1,2, ..., stands for the space of rational functions x which admit
for some complex polynomial p of degree not greater than k the representation

p

T =,

dk

where the complex polynomial g of degree not greater than k + 1 is given by
k
ar(v) = [[(1 —a5v).
j=0

As suggested in [4], the following transform of a rational function into another
plays a key role. For z € $;, k = 0,1,2,..., by the adjoint rational function x!
of z (adjoint with respect to g, aq,...,ax) we mean the rational function which
is uniquely determined via the formula

(2.11) z*(v) = %Bk(v)@7

where By, stands for the Blaschke product (of degree k + 1) with respect to the
points ag, o, ..., g, 1.€.

k
Bi(v) := [ ] ba, (v).
=0

Some information on the calculation of ¥/, k =0,1,2,..., can be found in [4,
Section 2.2]. Note that the results on adjoint rational function in [4] are explained
relating to the special case ag = 0. But it is not hard to restate these with their
proofs to the present situation. For instance, if x € 9, £k = 0,1,2, ..., then also
2l € 9 and (z*)*] = z in that case.

3. SOME BASICS ON SCHUR-NEVANLINNA SEQUENCES OF RATIONAL FUNCTIONS

In this section, as a rational extension of the classical considerations of Schur
[23] and Nevanlinna [18] (see also [13, Section 3] for an extension to the case of
matrix-valued polynomials) we study some sequences of rational functions formed
by given sequences of points and parameters belonging to .
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Ifr=0orTteNor7=00,ifl[:={0,1,2,...,7}, and if (g )rer and (kg)ger are

sequences of points belonging to D, then we define sequences of rational functions
(vk)ker and (dx)ker by the relations

1-— |Ol0|2 1 - 1— |C¥0|2 1
3.1 =/ , 0 =
( ) ’YO(U) 1_|HO|2 1_70,[] 0('[}) Ko 1—|l€0|2 1_%1}

and, for k € T\ {0}, recursively

(o) = \/ Tt T (s () + 5 0)

L= Jog—1[)(1 = [wx[?) 1 —arv

_ 1— Jou? 1 —ap—1v k1]
)= % o P (s bl COUSIOR e O)

where 5,£k:11] and 71[;:1] stands for the adjoint rational function of §;_1 and vx_1

(with respect to the points ag,aq, ..., ar—1; see (2.11)). We call [(v&)ker, (0k)kei]

the Schur-Nevanlinna pair of rational functions corresponding to (o, ki) kel-
With the matrix function

be, 5%]
(3.2) O, = ( eI bl kel
bak(sk 7]@

the recurrence formulae above can be written, for k¥ € I'\ {0}, in matricial form as

1—|ag? 1—ap_qv ~
. ® = O,_ ®
(3.3) k(v) VTzr P 1w OF 1(v)O(v),

where

B )= s (o T (" ). kenio)

V1= kK2 \ Rk MEMk—1
and
-1 if ap =0,
3.5 = o kel
(3:5) Ik Dy £0,
|k

Proposition 3.1. Let 7 € N or 7 = o0, let I := {0,1,2,...,7}, and let (ar)ker
and (ki )ke1 be sequences of points belonging to D. Further, let (yk)ker and (0k)ker
be sequences of rational functions such that vy, do are defined as in (3.1) and g, o
belong to 9y for k € I\{0}. Then [(vk)rel, (0k)kel] is the Schur-Nevanlinna pair of
rational functions corresponding to (o, ki )ker if and only if, for each k € T\ {0},
the following backward recurrence relations hold:

(1—0[7]60%71)\/ 1—‘/€k|2
V(=] ) (1—]ag-1[?)
6 () = (I—agpok—1)/1—|rx[?

IO =) = e ) T b)) ()

M1k (v) — FRol (v) =

(boék(v) - bak(akfl))')/kfl ('U),
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Proof. Let k € T\ {0}. Evidently, the identity

1 K 1 —KE o 1-— |/€k‘2 0
e 1 Ry 1 ) 01— |mgl?
is satisfied. Therefore, (3.3) is equivalent to the relation
W(v) om0 (v) ( 1 —Hk) _ A=) (A= |kk[?) L-Giciv g, (v)
_ = — _1(0).
5k () M1y () ) \ TR 1 I—[ag-1]? 1—agv

Hence, by considering the first column of @4_;(v) and using

_ 1 —apag—1 1 —ap—1v
3.6 = (bg — by 1)) = ——bqo,_ )
( ) NeNk—1 1_ |Oék|2 ( k(v) k(ak 1)) 1—azv k 1(”)
one can finally conclude the assertion. O

In the further course of this section, [(vx)rer, (0 )re1] stands always for the Schur-
Nevanlinna pair of rational functions corresponding to (ag, £k )ker, where (ax)ker
and (kg )ker are some sequences of points belonging to D.

By combination of the forward recursions defining the Schur-Nevanlinna pair
of rational functions [(Vx)ker, (0k)ker], the backward recursions stated in Proposi-
tion 3.1, and (3.6) one can see that the pair [(V)ke1, (Or)rer] fulfills also the follow-
ing three-term recurrence relations.

Corollary 3.2. For each k € T\ {0,1},

1—|ag|? 1-—ag_1v

"{kfl,yk:(v) = A—Jan_112)(I—[kr]?) I—agv (’%kflbozk_l(v)+K7knk71nk72)7k71(v)

—_ —_— —lak|?)(1—|kr_1]?) 1—ak _2
— REMk—1Tk—2 8_}32[3{21)(1‘_%;}23 1152—“2}“ bay, (V) Vk—2(v)

and

Kk,15k<1)) = (17|ak1_:“2a)72|127|,%‘2) L9k 1Y (kalbak,l(v) +K7k77k7177k:72)6k:71(v)

1—axv

_ _ —|ag|2)(1—|kr_1|?) 1—ar_3v
— Hknkflnk72\/8_}@2[38)(1‘_7&;}23 11_(’;73 bey,_o(V)0k—2(v),

where yo(v), do(v) are given as in (3.1) and

— 2 —
() = \ Ty T T (bao(”) - 770’““())7
51(0) = o T (ﬁobw(v) - 770’71)'

A key tool in the proof of the description (1.2) for the set Sa is an application
of some well-known results on Potapov’s J-theory (see, e.g., [21, 22]). Hereby, the
special choice of the (2 x 2)-signature matrix

-3 %)

will be essential in the considerations below. Recall that a complex (2 x 2)-matrix
©(v) is said to be J-contractive (resp., J-unitary), if

J>06)"I0(v) (resp.7 J= @(U)*J@(U)),

where ®(v)* denotes the adjoint matrix of @(v).
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Theorem 3.3. For each k €1,

(3.7) O (v) = 7V11:£1’j‘2@0(v)@1(v) Oy (v),

where O (v) and Oy(v), £ =1,2,... k, is given by (3.2) and (3.4) as well as

-~ 1 1 Ko ba (U) 0
Oy(v) = ——m——= | _ o .
O( ) \/1*|K,0|2 <’%O 1 ) ( 0 —To
In particular, if v € D (resp., v € T) then the matric %@k(u) s J-contractive
“lan
(resp., J-unitary).

Proof. Let k € 1. The alleged representation (3.7) of @ (v) is an easy consequence
of (3.3) and the choice of 7o and dy. It remains to prove that if v € D (resp., v € T)

then the matrix %@k(v) is J-contractive (resp., J-unitary). But this follows
o
immediately from (3.7) and the fact that, for all £ € {0,1,...,k},
1 1 Ry - 1 Ry
3.8 J=—— J
35 (e 1) (e 1)

as well as that if v € D (resp., v € T) then
ba,(v) 0\ [ ba,(v) 0O
> £ £
Iz < 0 u) J ( 0 u

oo (40 (047 )

for a u € T, i.e. the fact that (:)g(v) is J-contractive (resp., J-unitary). O

(3.9)

By forming the determinants of both sides in (3.7), it follows that:

Corollary 3.4. For each k €1,
, 1—|ou|?
b 0) ((002110) = 810 (0)) = e B (o),

Because of Bi(ay) =0,¢=0,1,...,k—1 (cf. (2.3)), the equality in Corollary 3.4
implies particularly:
Corollary 3.5. For each k € I\ {0} and each £ € {0,1,...,k— 1},
() () = Bu(e) 3y (o).

In view of some well-known results on J-contractive matrices (see, e.g., [9, The-
orem 1.6.1]), Theorem 3.3 yields also that:

Corollary 3.6. For each k €I and each v € DUT, the relations

— [k]
%] 1 |1 — vl 0 (v) by, (V)0x(v)
Vi (v) #0, < , <1l, and |——F—|<1
W@ T VI ekl A () W)

are satisfied.

Since Corollary 3.6 includes a localization of the zeros of fy,[f], k € I\ {0}, the
next Corollary is an easy conclusion of Proposition 3.1 and (3.3) with v = ag_.
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Corollary 3.7. For each k € T\ {0}, we have 'y,[ck] (ag—1) #0,

—__ log—1)
Rk = nknkfl[k]ia
Vi (akfl)

(k—1]
1-— 2)(1 = law_+12 B
17\,%‘2:%—\/( o) (1 = Jag—1]?) My (k1)

Nk—1 p— )
T TP

and, in particular, ki, = 0 < oy (ax—1) = 0.

Note that, if we put a_1 := 0, n_1 := —1, and 7[7—11] (1) := 1 then the relations
in Corollary 3.7 hold also in the case k = 0.

In spite of the symmetry of the recurrence relations, one can not easily inter-
change the roles of v and J; in Corollary 3.7. In fact, the condition 6,Lk] (ag—1) #0
is not true in general.

Remark 3.8. For each k € 1\ {0}, if 6! (ac_1) # 0 then Proposition 3.1 and (3.3)
yield

Rk = MKk 17%(%71)
oW (k1)
\/ 1 2 2y glk—1l
5 V(A =) — Jag—1]?) §p_y (ar-1)
1—|kk[? = M= —— = ,
— Q1 5k (ak—l)

and, in particular, ky = 0 <= yi(ag—1) = 0 on the one hand. On the other hand
from (3.3), 'y,[fk] (ag—1) # 0, and Corollary 3.5, one can see

6I[€k_711] (ak,l) =0« (5][5](0[]@,1) =0= 'yk(ak,l) =0, kel \ {0},

but kr = 0 implies also vx(ax—1) = 0 and the condition yx(ax—1) = 0 supplies
conversely 6,[€k](ak,1) =0or k; = 0.

Remark 3.9. If kg = 0 then obviously
55 (a0) =0

and, by an application of 'y,[f_l] (o) # 0 and Corollary 3.5, one can inductively
derive from the recurrence relations of a Schur-Nevanlinna pair of rational functions
(use, e.g., (3.3)) that

5 (ag) =0, Aklag) =0, kel\{0}.

4. CHRISTOFFEL-DARBOUX FORMULAE

In the present section, we shall show that, similar as in the case of orthogonal
rational functions (cf. [4, Theorem 3.1.3]), arbitrary Schur-Nevanlinna pairs of
rational functions [(yg)ker, (0 )ker] fulfill also some Christoffel-Darboux formulae.
To prove these, we remark at first the following identities for [(vk)ker, (0k)ker]. Here
and in the sequel [(Vk)ker, (Ok)rer] stands again for the Schur-Nevanlinna pair of
rational functions corresponding to (a, ki )ker, where (ax)ker and (kg )ger are some
sequences of points belonging to .
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Lemma 4.1. For each k € T\ {0}, the following relations hold:
(1= bay (0B (0)) (3 0)0 ) = (o) e (w))
= (1= b)) ) (31 )L () = b, (0) 1 ()b ()01 (),

(1= b0 (@) (@)1 (0) = 8103 (w) )

= (1= b)) (W @ (@) = b ()01 (1), (@)1 (),
and

k—1

(1= b (0)ba, (0)) (3 01 (w0) = 030 (w) )

= (1 = bay(v)bay(w)) (5{#1] o F )

EP M (@) = by (01 (0 ()51 ().

Proof. Note that, in view of (2.3), for z € D and complex numbers v, w (#
follows that

N\‘»—A

) it
(4.1) 1—b,(v)b,(w) = ((11_|§|Z))((11_ :ww)) '

Let k € T\ {0}. Considering the first row of the matrix function @y, from (3.3),
(3.8), and (3.9) one can see

51 (w) — i (v) 7 (w)

() Tom180) ) I (ew) TEme10f(w) )

1—|agl? 1-ag_1v
1-|ag—1]? 1-agv

1—|agl? l1-ap_jw
1—\0%,1\2 l1—ajpw

o1 (v)

(o) 850) e (L)
(

bak71<w)’yk—1(w) 5I[ck7711] (’U))) \/le|2( o

Ty w b {w)—1(w)
1— l1-oap_vl—ap_1w k—1 k—1
771*|o|z(:i|1| 17;7; 17:;,61@ (bak—l(v)’yk—l(lu) 5,E1](v)>< g T
01 (w)
— 1—‘Oék|2 l—ar_1v 1—@k—1ﬁ(5[k—1] _—
1—|ag—1]? 1—agv

k—1 —
Fee (50 ) w) = by (0) k- 1(0)ba, (@) 7k 1(w))
and, hence, an application of (4.1) yields the first identity. Similarly, observing the

second row (resp., the first and the second row) of @y, in view of (3.3), (3.8), (3.9),
and (4.1), one can obtain the second (resp., the third) identity.

O
Theorem 4.2. For k €1, the following Christoffel-Darbouz formulae hold:
k
(1= bay ()bar(w) ) D 7e(v)7e(w)
£=0
(4] () 517 Ty 1 — |ou|?
S (V)6), (W) = ba, (V) 7k (V)bay (W) k(W) +

(1 —ar0)(1 — arw)’
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(1= ba, )by () ) D 7e(0)3e(w) = 61 (0) 7 (W) — by (0) 71 (0)ber, () (w).

Proof. According to the definition, we have

[1—|apl2 1 1 —apl2 1
%0(v) 1—|ko|2 1 —agv’ o(v) = %o 1—|ko|? 1 —agu

Hence, in view of (4.1),

(1 — [eol*)(1 — vw)
=1 —a@v — agw + |ag|*vw — (|ag|* — @ov — W + V)

= (1 —agv)(1 — aow) — (ap — v) (e — W),

(2.11), and (2.3), we get

(1 = bag(v)bayf Z Ye(v

_ (1 — |vo)? )(1—vw)1—|040|2 1
(I —av)(1 = agw) 1 — [ko|* (1 = aigv)(1 — o)

(4.2) _ (1 — |040‘2)(1 Qpv )(1 - O‘OE) _ (1 - |O(0‘2)(040 - U)(TO_E)
(1 —|rol)(1 —av)?(1 — aow)? (1 — [Ko[*)(1 — @ov)*(1 — cow)?
_ (mol* = Iwo* + (A — |ao?) (1 —|ao|*) (a0 — v)(@ — W)

C (=R —av)(1 —aow) (1 - |kol?)(1 - a@ow)?(1 — agw)?

1 — |ag|?
(1 —agv)(1 — agw)

= 60 ()05 () = bag(0)70 (1) barg(w) Y0 (w) +

Thus, for the case k = 0 the first identity is verified. Now we assume that, for
k €I\ {0}, the formula

—Jag—1/?
(l—ak_lv)(l—ak_lﬁ)

= 8 0)6E N w) = ba (0) Y 1(0) b (@) v—1(w) +
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is already proved. Therefore, an application of the first equality in Lemma 4.1 and
(4.1) implies

1 — bay,(v)ba, () 1 T
R (m W) w) = bay ()Y 1(0)bay (W) Ve ))
N (1fbak(v>ba (w)) (1 — |ak-1]?)
(1_b0‘k—1 b 1(w )(1_ak 1U>(1_Olk 1w)
(

0 ) — b (00 ()0
= 3190008 ) ~ by (b O] + [ G

Consequently, for each k£ € I, the first formula is inductively shown. Similarly, the
second and third formulae can be verified by using Lemma 4.1 and (4.1). O

Obviously, the formulae in Theorem 4.2 can be restated as follows:

Corollary 4.3. For k € I\ {0}, the following Christoffel-Darboux formulae hold:

(1 o (V Z’w

—la/?
(1—apv)(1—ayw)’

= (w )W-’m(”)%(w)‘F

—la/?
(1—apv)(1—ayw)’

(1=ba, (v Z&e A ()7 () = 85 ()5 (w) —

and

k—1
(1= ba(0)ban(@) ) S e (0)0e(w) = 617 () (1) — 30 (0) Bk (w).
=0

Using the same strategy as in the case of orthogonal rational functions (cf. [4,
Corollary 3.1.4]), from the (first and second) Christoffel-Darboux formulae with
v = w one can conclude the following statement (cf. Corollary 3.6).

Corollary 4.4. For k € I\ {0}, if w € C with |ko| > |ba, (w)| then 5,[5] (w) # 0 and

Vi (w)
k

5 (w)

as well as for each v e DUT we have’y ( ) # 0 and
Ix (v)

%)

<1
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Remark 4.5. Let k € T\ {0}. Since z¥(a}) = 0 <= z € 9H;_; for each = € $Hy,
Corollary 4.4 includes particularly that v € $5 \ Hr—1 and that if |kg| > |ba, (k)]
then also 6 € 9% \ Hr—1. Furthermore, the case o € Hi_1 is possible in general
(cf. Remark 3.8, Remark 3.9) and Theorem 4.2 implies

k

k
— 1 1
6 _ = 2 =
P€I1 = ) wvlen) = 7= = 2 helaw)| -
£=0 £=0
k
= Zw )or(a) =0 <<= Zw o) de(ay) = 0.
=0

5. A CHARACTERIZATION OF SCHUR-NEVANLINNA SEQUENCES

In the previous section (see, e.g., Theorem 4.2), we have explained that Schur-
Nevanlinna sequences of rational functions fulfill some Christoffel-Darboux formu-
lae. Referring to this, in the present section we study now an inverse problem.
Roughly speaking, we shall see that (similar as in the case of orthogonal rational
functions) the realization of Christoffel-Darboux formulae is in a way also a suffi-
cient condition for rational functions to be a Schur-Nevanlinna pair.

Remark 5.1. Let 7 € Nor 7 = oo, let I := {0,1,2,...,7}, and let (ag)rer be a
sequence of points belonging to D. Further, let £ € I\ {0} and let v, 0, € $y,
£=0,1,...,k. Clearly, the following statements are equivalent:

(i) The first (resp., second or third ) identity of Theorem 4.2 is satisfied.
(ii) The first (resp., second or third ) identity of Corollary 4.3 is satisfied.

Lemma 5.2. Let 7 € N or 7 = o0, let I := {0,1,2,...,7}, and let (ay)rer be a
sequence of points belonging to D. Further, let k € T\ {0} and let v, 0, € Hi as
well as yx—1,05—1 € Hr—1- The following statements are equivalent:

(i) The first identity of Lemma 4.1 is satisfied.
(ii) The second identity of Lemma 4.1 is satisfied.

Proof. If we fix the complex number w then, in view of (2.11) and forming the
adjoint with respect to the k 4 2 points «ag, a1, ..., ag, ag—1, the first identity of
Lemma 4.1 is equal to

(bara®) = b)) ()3 (@) = 3 ) ()
= (bau®) = b)) (B (0)001 (03 (0) = A ()b ()1 ().
Since, by fixing now the point v and adjoining, this relation is equal to
(b (b () = 1) (5o (w) = 1 ()3} ()
= (B bs() = 1) (o o001 0y, ()51 () = 75 () () ),

we obtain finally the equivalence of (i) and (ii). O

Lemma 5.3. Let 7 € N or 7 = oo, let I := {0,1,2,...,7}, and let (ag)rer be a
sequence of points belonging to D. Further, let (vx)ker and (0x)ker be sequences of
rational functions such that o, 00 are given as in (3.1) for some ko € D and that
Yk, O belong to 9, k € I\ {0}. The following statements are equivalent:
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(i) For each k € T\ {0}, the first (resp., second or third) identity of Lemma 4.1
18 fulfilled.
(ii) For each k € I\{0}, the first (resp., second or third) identity of Theorem 4.2
1s fulfilled.
Proof. By using the same arguments as in the proof of Theorem 4.2, one can
inductively show that (i) implies (ii). It remains to verify that (ii) implicates also
(i). For each k € I\ {0}, from (4.1), Remark 5.1, the first identity of Corollary 4.3,
(4.2), and the first identity of Theorem 4.2 it follows

(1= by (0 (0] ) (3 0)0} ) = (o))

= (1= bay (0)ba () (87 ()8 () = e ()70 w) +

B (1o [*) (A |e—1 [*) (1 — )
(1—ogv)(1—aw)(1—ag—1v) (1 —ag—10)

1—|ag|?
(1fa7kv)(lfakﬁ))

k—1
= (1 - bak—l(v)bak—l(w) ) (1 - bak(v)bak(w) )Z’W(’U)’Y@(w)
=0

(1—Jan|*) (1 — o1 [*) (1 —v)
(1—ov)(1—apw)(1—agp—1v)(1—ap_1W)

= (1= by ()b @)) (35 )31 () = b, (0961 (V)b (@)1 ()

Consequently, with respect to the first kind of identities it is shown that (ii) yields
(i). Similarly, one can prove by a straightforward calculation that the implication
referring to the second (resp., third) kind of identities is fulfilled. O

Theorem 5.4. Let 7=0 or7 € N ort=o00, let1:={0,1,2,...,7}, and let (o) ker
be a sequence of points belonging to D. Further, for each k € 1, let vy, dx be rational
functions belonging to Hy, such that the following three conditions are fulfilled:

(I) The first (resp., second) identity of Theorem 4.2 is fulfilled.

(IT) The third identity of Theorem 4.2 is fulfilled.

(1) arg [} @-1)| = arg [ ZAE A o) | where acyi=0, oy =1,

and 7[:11] (a_qp) :=1.

The relation ’y,[fk] (ag—1) # 0 holds and if we put
) _
K 1= W%ﬂM» kel,
(K]
Ve (ak-1)

then (Ki)ker @8 a sequence of points belonging to D and [(vk)ken, (Or)ker] s the
Schur-Nevanlinna pair of rational functions corresponding to (o, Ki)kel-

Proof. First, we consider the case k = 0. From (I) and (II) we get
1— |Oéo ‘2
(1—agv)(1—apw)

(5.1) Yo(w)y0(w) = 8y (v)8 (w) +

—~

w) —

1—|ag? )

_ A0 [0]
(5.2) (resp.7 8o(v)3o(w) = 75" ()75 (1—ao0)(1—aow)
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and

(5.3) 0(v)do(w) = 65 (v)7)) (w).

Since (5.1) (resp., (5.2)) implies |70 (v)|2 # 0 (resp., [y (v)[2 # 0), in view of (2.11)
it follows at any rate

%" (0) # 0

and, hence, (5.3) and the definition of kg yield
%" (1) = —moroo(v).
Thus, from (5.1) (resp., (5.2)), 70 € 9o, (2.11), and (III), i.e. _77*0%[)0] (0) € [0, c0),
one can finally conclude that ko belongs to D and that (3.1) is fulfilled. Particularly
for the case 7 = 0 it is shown that [(vx)ker, (0r)ker] is the Schur-Nevanlinna pair of
rational functions corresponding to (o, ki )kel-
Now let 7 € N or 7 = oo and let k € I\ {0}. Because of (I), Lemma 5.3, and
Lemma 5.2 we obtain (cf. Corollary 4.4) that
'y,[f](v) #0, veDUT,

and, by using by, _,(ag—1) = 0, that

W @) (1) — 6k (0)3k(an—1)

(5.4) = (1=bay ()b (1)) (W @) (1) = B0l ))

— 1, T
= (1=bay@)ba(ar—1) )55 ()5 ().
In particular, we have
v @gor) £ 0
as well as, by the choice of ki, (4.1), and (III), therefore x5 € D and

2
VITTRP = Jl— Jelena)
Yy, (Qk—1)
(5.5) _ VO TP T i P | 94 (o)
|1 — apag—_1| ,y][ek] (ah_1)
e VO TP = Tan ) 9 o)
L= o Wan-)

In view of (2.11), the relation (5.4) implies

()7 (1) = 8 (0)3k(ar-1) = (bay(v) =bay(ar—1)) -1 ()73 (@ka).
Consequently, an application of (5.5) yields

N Or (g
T (0) — TRy (v) = KTk (V) — T %5,&’“] (v)
Yk ak—l)
W @)
(5.6) = M1 G (b (0) = bay(@r—1)) -1 (0)
[k]
Vi (ak-1)

—@Rap_1 — k|2
B @1(1-?@,32)3%) (b (0) — Ba (k1)) 141 ().
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Furthermore, from (IT), Lemma 5.3, and b,, _,(ax—1) = 0 it follows
SR ()] (ak_l) — 1 (0) 8 (1)
1-b (@) (3 01 (@r1) = (0)Felon) )
A — 1 (Xk 1 k—1 k ’Yk ak—l ’Yk v k ak—l

(
(1 = b (@)bar(er—1) )83 () ().

By forming the ad301nt rational functions, we get

5 (ar-1) =7 (©)k(ak-1) = (bau(v) = bay(@r-1)) 81 (0)35 ().
Accordingly, the equality (5.5) provides

1) _
MTR=10k (V) — le[c J(v) = W10k (v) — MR %’Y;&k] (v)
Yk (0k—1)
V;Ek_u (g—1)
(5.7) = 77kﬁk—1[7k1]7(bak(v)—bak(ak_l))gk_l(v)
Yk (ak—l)

1—agagr_1)v/1—|kg|?
_ ( k k,21) ‘ k‘z (bak(v) 7bak(ak—l))5k—l(v)~
V(A =lar?)(1—ak-1[?)
In the end, by virtue of (5.6), (5.7), and Proposition 3.1 one can conclude that
[(v&)ker, (0k)ker] is the Schur-Nevanlinna pair of rational functions corresponding
to (ak, kK kel U

6. SOLUTION OF PROBLEM (MNP) IN THE NON-UNIQUENESS CASE

In this section, we shall show that the set Sa of solutions of Problem (MNP) can
be parameterized by the linear fractional transformation (1.2), where ,, and 0,,
are some elements of a Schur-Nevanlinna pair of rational functions with m defined
as in (2.2), if a data set A (as in (2.1)) is given such that P > 0.

With the points 21, 22, ..., 2, in A we form here a sequence (a)}’, in which z;
appears according to its multiplicity l;. For instance, we can choose ay := (B with

By =z if Zz <k<er, i=12,...,n

But in fact, the order that equal points are successors is not essential in the fol-

lowing, i.e. for an arbitrary bijective mapping p of {0,1,...,m} onto itself we can
put

(61) af = ﬂp(k), k:(),l,...,m

In the sequel, then [(v)ker, (0k)rer] stands for the Schur-Nevanlinna pair of rational
functions corresponding to (o, £k )ker, where I := {0,1,...,m} and (ki)ker is a

certain sequence of points belonging to D.
Note that, Corollary 3.6 implies, for all h € S,

(6.2) Y (2) + b, (2)0m (2)R(2) #0, z €D,

and, moreover, that the function gg:

(63) golz) = T2 s e,
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belongs to S.

Lemma 6.1. For each h € S, the function g:

[m]
(6.4) o(e) o ) e PR

Y (2) + b, (2)0m (2)(2)

belongs to S and Ay = Ay,
Proof. Let z € D. In view of (2.6), with

l—amz [ Do (2)1m(2) 80(2)
V1=loamP \ b, (2)0(2) ~(z)

the relation (6.4) can be written as

9(2) = Te(z) (M(2)).
From Theorem 3.3 we see that the matrix @(z) is J-contractive. Therefore, © is
a J-contractive holomorphic matrix function and, as a well-known result on linear
fractional transformations (cf. [9, Theorem 1.6.1]), Te maps the class S into the
class S. Hence, it follows that according to (6.4) we have g € Sif h € S.
Now let the function go be defined as in (6.3). Consequently, by virtue of (6.2),
(6.4), and Corollary 3.4 we obtain that
6“’”() o (2)Vm (2)1(2) B
m(z) + bam (2)6m(2)h(z) (=
o (D) (i ()91 (2) = b
( ) (2) + b, (2)0m (2)

—nm (1 _‘O‘m|

O(z) =

9(2) —go(z) =

(6.5) =

- [m] Ty B (2):
(1=@mz)? (v (2) + bay, (2)0m (2)h(2))ym" (2)
Since the Blaschke product B, has a zero of order [; at the point 2;, j =1,2,...,n,
one can finally conclude
g =g (z), s=01,... -1, j=12...n
fe. Ag=Ay,. O

Lemma 6.2. If [(Vk)ker, (gk)keﬁ] is a Schur-Nevanlinna pair of rational functions
corresponding to (o, Ki)ker with some Ky, € D, k € I, such that Az, = Ay, where
go is defined as in (6.3) and the function gy similarly by

o (2)
' (2)

then for each k € 1 the equality Ky, = ki holds, i.e. [(Yk)ker, (gk)keﬂ] s the Schur-
Nevanlinna pair of rational functions corresponding to (auk, Ki)ker-

Proof. Since (3.1) and (2.11) imply
%) )
) %0(2)

(6.6) go(z) =

, z€D,

0«,

(6.7) Fo =
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in the case m = 0 it follows evidently %o = ko, i.e. that [(x)rer, (0% )rei] is the
Schur-Nevanlinna pair of rational functions corresponding to (ay, Kk ) kel

Now let m > 0. In view of the recursions defining a Schur-Nevanlinna pair of
rational functions, (2.11), and Ay, = Ay, we obtain that the values of the functions

S (2) 4 ba (VA1 ()R 61 (2) + bay s (2) Y1 (2)Fom

= , pon , z€D,
T 1 (2) + b1 ()1 (Vm A21(2) + by (2)0m1(2) i
and their derivatives up to the order /; — 1 at the points z;, j = 1,2,...,n coincide.

Because of Lemma 6.1, a successive continuation of this procedure yields that, for
each k € I'\ {0}, the values of the functions

Obt (2) 4 by (DAr1 (DR 3 (2) + by (2) 31 ()i
k-1 N ~ k—1 )
T () bo s (D1 ()R 9 (2) + by ()0 ()
and their derivatives up to the order r; — 1 at the points z; contained in the

sequence (ay)k_, (where 7; stands for the number how many times) coincide and,
in particular, that

(6.8) eD

)

3 (c0) _ 35" (o)
3 (a0) 75 (an)

In the following, by induction on k, we verify that kK = kg, k € 1. For k = 0, the
equalities (6.7) and (6.9) supply immediately

(6.9)

FI%O = K.

Now let k € T\ {0} and we assume that Ky = k¢, £ =0,1,...,k—1. In view of (6.8)
and the induction assumption we obtain that the values of the functions

SN2 4 bagy (D1 (DR O (2) + by (2) 11 (2) R

VW) + ba ()0 1(2)Fe AETNE) + bay, (2)8k1 (2)Rn

and their derivatives up to the order r; —1 at the points z; contained in the sequence

(cr)b_, (where 7; stands again for the number how many times) coincide on the
one hand and on the other hand Corollary 3.4 provides

(@) + ba (1 (DR 55 (2) + ba ()11 ()
@) 4 b ()01 (R AT (2) 4 b, (2051 (2) 1
(Fi — K1) bar_, (2) (e ()W (2) = Gima (2)81 1 (2))

(W) 4 Doy ()81 (2)F8) (W (2) + by, (2)80—1 () k)

— (R — f) k-1 (1 — |ar—1/*) Br-1(2)

(1= ar=12) " (05 (2) + by ()51 (2)Fn) (3 (2) + by, (2)0k1(2))

Since n_1(1 — |ag_1]?) # 0 and since the Blaschke product By_; has only k zeros
(at the points «g, a1, ..., ar—1), one can finally conclude K = ki. Thus, for each

z €D,

k € 1 the identity Ky, = Ky, is satisfied, i.e. [(Fk)rer, (gk)keﬂ is the Schur-Nevanlinna
pair of rational functions corresponding to (ay, Kk )kel- O

Now we are able to prove the main result of this paper, i.e. that in the non-
uniqueness case the set Sa of all solutions of Problem (MNP) is given by a linear
fractional transformation of the form stated in (1.2).
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Theorem 6.3. Let A be a data set as in (2.1) whereby Pa >0. Further, let ge € Sa,
let (ou) T, be given as in (6.1), and let (sk)7, be the sequence of Schur parameters
assoctated with [ge, (ax)}o]. If g € S then the following statements are equivalent:

(i) g € Sa.
(ii) (sk)jr, is the sequence of Schur parameters associated with [g, (ar)i’o].

Moreover, if we put 1:={0,1,...,m}, ko: =50, and kg:=—spNk—1, k=1,2,...,m,
and if [(vk)ker, Ok )ke1] stands for the Schur-Nevanlinna pair of rational functions
corresponding to (a, ki )rer then the relation

_ 57[:?](,2) + ba,, (2)Ym(2)h(2)
A (2) + b, (2)0m (2)1(2)

establishes a bijective correspondence between the set Sa of all solutions g of Prob-
lem (MNP) and the class S of all Schur functions h.

g(2) zeD,

Proof. Let z € D. Note that, in view of Po > 0 and Theorem 2.3, for any
solution of Problem (MNP) the Schur-Nevanlinna algorithm can be carried out (at
least) m + 1 times. Consequently, we can always suppose in the following a given
Schur function g for which the Schur-Nevanlinna algorithm can be carried out (at
least) m + 1 times. In particular (cf. (2.4) and (2.10)), we find Schur parameters

50,81, - - -, Sm € D associated with the pair [g, ()7 ,] and a unique Schur function
hm+1 such that the relation
(6.10) 9(2) = Te(z) (hin+1(2))

is satisfied, where

1]
&
I

1=
[
=
@

/N
I
[
[}
&
I
O
[

()

k=0

and where

= L bak(z) gk

Hk(z) — <:§kbak (z) 1 > 9 k S I[.
By virtue of (2.9) and (3.5), with n_; := —1 one can also write

~

= ] 1 —§knk1)<bw(z) 0 ) (1 0 )

6.11 E(z) = = y R R
(6.11) (=) (g(—smk1 1 0 M=t 0 —7m

According to Section 3, we define now [(Fi)rer, (0k)ker] as the Schur-Nevanlinna
pair of rational functions corresponding to (o, ki )ker with K := —8Sgni—1, k € L
Thus, setting

~ 1 1 &
6u0)= s (= T) (" ). kel
V1=TrE2 \Fr 1 0 "lk—1
Theorem 3.3 yields the identity

(bam ()Fm (v) 5@(@) — @éo(v)@ﬂv)...@ (v)
b

o (V)05 (V) A (0) 1=
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on the one hand and on the other hand from (6.11) follows
~
- s —— = 1 0
B(z) = (H Vv1-— |f<ak|2®k(z)> (0 —TIm)
k=0

Hence, by (6.10), (6.2), (2.6), and (2.7), we see that

) + bay, (2Fm (2) (i1 (2))
(6.12) 9(2) = ) 4 b (o (o) ()

Moreover, via the construction of the rational functions 7, and S,m Lemma 6.1
implies that the Schur function gy given as in (6.6) fulfills A, = Ag, . In particular,
since go € Sa, the considerations above supply that g, admits a representation

o) S (2) + ey, (2)9m (2) (—nmhe(2))
A (2) + bay, (2)0m (2) (~ b (2))

for a unique h, € S and that the Schur function gy given as in (6.3) fulfills the

identity Ay, = Ay,. Consequently, if g € Sa then
Ag, = Ay = Ay, = Ay,

and, hence, Lemma 6.2 yields for each k € I the identity Kr = ky (i.e. Sp = sg).

Therefore, (i) implicates (ii) and, in addition, (6.12) leads to (1.2). Conversely, if g
admits the representation (1.2) for some h € S then from Lemma 6.1 one can get

Ag = Ago = Ag.’

i.e. g € Sa. Finally, if (ii) is fulfilled then (6.12) implies that g admits the repre-
sentation (1.2) with h(z) := —npmhmy1(2), z € D. O

Observe that the equivalence of (i) and (ii) in Theorem 6.3 is closely related to
Schur’s result that, for each [ € N, there is a one-to-one correspondence between the
first [ Taylor coefficients of a Schur function at the point z = 0 and the first [ cor-
responding Schur parameters. Clearly, applying appropriate conformal mappings
of the open unit disk D onto itself, one can obtain a similar result with respect to
arbitrarily points 21, 23,...,2, € D. Nevertheless, it seems to be really hard and
unwieldy to derive directly from this classical result the equivalence of (i) and (ii),
since the underlying sequence (aj)j" has only to fulfill (6.1) and hence the points
Q, A1, - . ., Qyy are not strictly in the order as in the example before (6.1).

If in (1.2) (i.e. in the description of Sa by the linear fractional transformation
according to Theorem 6.3) the point z € D is fixed then the set

(6.13) Ba(z):={g(z): g€ Sa}

is a closed disk in the unit disk D, the boundary of which is sometimes called Weyl
circle. Using some well-known properties of linear fractional transformations (cf.
[24, Proposition 2]), it can easily be shown that the center ¢, and the radius r, of
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this Weyl circle are given by

S () (2) = bay, (2) Y (2)ba (2)0m (2)
T (2)12 — [ba,, (2)8m (2) 2
by (2)] [ (270" (2) = B (2)0" ()]
i (2)[2 = [bar, (2)8m ()2

Consequently, in view of Theorem 4.2, (4.1), and Corollary 3.4 the parameters of
this Weyl circle can also be computed by the formulae

(1- |z|2>§0 o(2)5:(2)

(1= [2) 32 622 + 1
=0

Cy, =

)

Ty, =

[Bu(2)]
(L= [2[2) 3 [3u(=)[2 + 1
£=0

c, = T, =

where B,,, denotes the Blaschke product (of degree m+1) with respect to the points
g, A1, ...,y given via (6.1). Furthermore, (3.1) and Corollary 4.4 imply

A2 = [ban (8(2) > (1~ b (D) R I > 0
as well as Corollary 3.6 and (4.1) yield
1 < 1
(1= |22l (2)2 1= b ()

Summing up, we have proved the following.

Corollary 6.4. Under the assumptions of Theorem 6.3, if z € D is fized then the
set Ra(z) in (6.13) can be described by

falz)={w: Jw—c| <.}

where the parameters ¢, and r, are given by the relations above. In particular, if
z €D\ {z1,22,...,2n} i fized, then for each g € Sa the following estimate holds

| Bin (2)] ~ _1Bu(2)]
(1= 2Pl z))2 ~ 1= b, ()

Following the geometrical considerations, one can also see that the Weyl circle
with center ¢, and radius r, can be described as an Apollonius circle (cf. [15], [5]).

lg(2) —c.| <

Corollary 6.5. Under the assumptions of Theorem 6.3, if z € D is fized then the
set Ra(z) in (6.13) can be described by

V— a1,
fale) = o[22 < 010}
where -
al,z = 57[7;’](2) ) a2,z = Zm(Z)a dz = iTan) :
i (2) m(2) ) (2)

Remark 6.6. Clearly, fa(z;), j = 1,2,...,n, contains only the value w;p. But
following the idea of [24, Section 6], if we consider instead the set

1 .
RA(ZJ) :{l'g(l])(zj) geSA}v .]:1727"'7”7
gt
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and if we choose just in (6.1) a sequence (o )xker so that v, = z; then by a straight-
forward calculation from (6.5) it follows

RA(z) ={w: lw—d | <7},

where the Schur function g is defined as in (6.3) and

/
zj

n

[T 1b=, ()"

1

1wy / k£ - l
— g (2, = < bay (2))| 1.
lj!go (23)7 sz — (1 7 |Zj|2)lj kl;[ | k(Z])|

RO 1Py
k#j

Finally, we point out that the rational functions +,, and d,,, which occur in
the linear fractional transformation of Theorem 6.3, can be constructed from the
interpolation data A, but indirectly. One needs to determine the corresponding
Schur parameters first, which is not easy to do in general. A way out is the following.
Since the definition of Schur-Nevanlinna sequences of rational functions according to
Section 3 is done with a view to orthogonal rational functions on the unit circle and
their recurrence relations presented in [4, Chapter 4], one can also use the theory
of orthogonal rational functions to compute the corresponding Schur parameters or
the functions ~,, and d,,. This will be explained in detail in a forthcoming work.
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