Numerical Algorithms 4 (1993) 225-239 25

A note on Thiele n-fractions

Paul Levrie

Departement Computerwetenschappen, K. U. Leuven, Celestijnenlaan 2004,
B-3001 Heverlee, Belgiumand
Katholieke Industriéle Hogeschool Antwerpen, Salesianenlaan 30, B-2660 Hoboken, Belgium

Adhemar Bultheel

Departement Computerwetenschappen, K. U. Leuven, Celestijnenlaan 2004,
B-3001 Heverlee, Belgium

Communicated by C. Brezinski
Received 17 February 1992; revised 21 September 1992

In this paper we construct an n-fraction which is a generalization of a Thiele continued frac-
tion. We prove that, under certain conditions, the mth approximant of this n-fraction solves
the vector case of the rational interpolation problem.
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1. Introduction

Thiele continued fractions are used to solve the following rational interpolation
problem: let {z,,} be a sequence of distinct complex numbers, and let f(z) be a given
function. The problem is to find a rational function f,,(z) which interpolates f(z)
at the given points z; (which are assumed to be distinct):

fm(Zi)=f(Z,'), i=0,...,m. (1)

If we define the sequence {vn(z)} recursively by
'UO(Z) =f(Z) ’ 'Uk+l(z) = 'Uk(Z; : f),;(zk) , k=0,1,...,
then the Thiele continued fraction is given by
z—z0| z—21| z—zz|
li(z1) * |va(z2) *lus(zs)
(if vk(zx) # 0,00). If we denote by f,(z) the mth approximant of this continued
fraction:

vo(2z0) +
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Zo| Z— Zpoi]
In(®) = w(e0) +TET A

then it follows immediately from the definition of the v,(z) that the mth approxi-
mant satisfies (1) if it exists. Another and equivalent way to introduce Thiele frac-
tions is by using the so-called reciprocal differences defined by

p-1 =0, po(20) = f(20) ,

20— 2Zm
pm_1(2021 .o z,,,_l) - p,,,_l(zlzz veeZm

Pm(2021 - - . Zm) = ] + pm-2(z122 . . . Z;m—1) ,

m=12,...
(if they exist). These are related to the v,,(2) in the following manner:

Um(z) = pm(2021 - - - Zm-12) — pm-2(2021 - - - Zm—2) -

One of the advantages of using reciprocal differences is that they are symmetric
functions of their arguments (see [9-11]).

The rational interpolation problem has received considerable attention in the lit-
erature, see for instance [2,5,8,13], and, more recently, [7].

In this paper we define a generalization of Thiele continued fractions in the
form of an n-fraction or generalized continued fraction (see de Bruin [1]), and we
prove that it solves the following generalized rational interpolation problem: let
{Zm} be a sequence of distinct complex numbers and let f(1)(z), fP(2),..., f®(2)
be given functions. Find n rational functions f,,, (), 12 (2),..., fm (2) w1th acom-
mon denominator which interpolate fU)(z) (1 <j<n) at the given points z;:

f,gj)(ZX) =f(j)(zi)7 i=0a°"1m7
(1<j<n).

This problem has been considered before, most recently by Graves-Morris
[3,4,6], who uses another generalization of Thiele fractions based on the Samelson
inverse for vectors, and by Van Barel and Bultheel [12] using an altogether different
approach, which, however, is basically also of continued fraction nature. The rela-
tionship between these methods will be discussed in a forthcoming paper.

In the second section of the paper we define a generalization of the reciprocal dif-
ferences, which leads in a natural way to the construction of a generalized contin-
ued fraction. We show that the mth approximant of this generalized continued
fraction interpolates the given data if certain conditions are satisfied. In the next
section we look at the degrees of the numerator and denommator polynomials of
the interpolating n-tuple, and we prove that the interpolants Ja% (z) do not depend
on the ordering of the interpolation points. In the fourth and final section we give
explicit expressions for the numerator and denominator polynomials for the spe-
cial case n = 2 and we see what happens if all the interpolation points coincide
(confluency).
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2. Generalized Thiele continued fractions or Thiele n-fractions

Let n>1 be a fixed integer. Let us remind you (see [1]) that the n-fraction asso-
ciated with the following set of data:

QORI

aqQ o
1 2) (2 2
K o G .
by a” &N a,(c")
b b by ... b
is defined by its sequence of n-tuples of approximants {AU) /B, j=1, ...,n},
k>0. The sequences A,(‘ ) A,(c , By all satisfy the recurrence relation

Xy = bieXp—1 + a,(c X+ ...+ a,(c ) Xin + a,(, Winor, (k1)
with initial values:
B_;=0 fori=1,...,n; By=1;

Ww_J0, j+i#n+1 . .40 )
A—i_{l, itizn+l fori=1,...,n; Aj’' =by’ (1<j<n).

Now let zg, 23, . . . , 2k, - - - be a sequence of different complex numbers, and let us
define quantities v,(" (z) (l <j<n) formally by
v(()])(z)=f(’(z), j=1,...,n,

.+1)(Z) _ 'U,(EH-I) (Zk) 1 .

vk+1(z) m m ’ =L...,n—=1,
v (2) — v (i)

z—2z
v () = ; )

v (2) — o (ze)

for k>0 and where the fU)(z) are given functions (as we shall see later, only the
function values of f ) (z) at the points z;, i >0, have to be known).
We consider the n-fraction denoted by

(z - 2) (z—21)(z — z0) ‘e [T (z — 2k-)
z)  W@e-2) PENe-a)z-n) ... (@) 5 e~ 2e)
: : : : (3)
@) @)% fTV@E=a) o T E@)E - 7e)
ol (z0) " (z1) o (2,) s o (z)
Here we assume that a factor z — z; (i = —1, —2, .. .) in one of the coefficients is ta-
kentobeequalto 1.

The kth approximant {f; G (2)}, (k=0), of the n-fraction (2) is then given by
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__m, j—_—l,...,n, (4)

where A,(CJ) (2) (1 <j<n) and By(z) are polynomials in z that satisfy the (n + 1)st or-
der recurrence relation:

X =y, )(zk)Xk_l + v, (n— )(zk)(z —zg1)Xk—2+ ...

n
+ v,(cl)(zk) H(z — Zk—j) X—n + H(z = zk_j)Xp-n-1, (k=1,2,...) (5)
j=1 j=1
with initial values:
B_,'(Z) =

Wen _ JO, jHi#En+1
45() _{1, jH+i=n+1

fori=1,...,n; By(z)=1;

fori=1,...,n; A((,j)(z) =v(({)(zo) (1gj<n).

We note that the kth approximant of the n-fraction can also be calculated using
the nonlinear recurrences that generate (4): if we calculate

(z) = v (z2) H(z - 2ey),

n—2

9(z) = v (z) H(z ~Ziy),

‘"‘”( ) oD (z) (2 — ze-1),

&) = v (@),

(k) =8 o {20 + 15 )

& @
T €)1 4(2)
£0)(2) = o2 o) [ (2 — 2my) + 0K
| = m+1,k( z)’
£0(2)
(n—l)(z) —'v(” 1)(2 )(Z—Zm-1)+ +1k
l,k( )

£0)2) = o9 () 4 2L ©)
" ¢ (@)

m+1,k
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form=k-1,...,1,0, thenj;c(j)(z) = 5(()’2(2) (1sj<n).
From now on we assume that the kth approximant of (3) as defined in (4) or (6)
exists. The kth approximant n-tuple then interpolates the n-tuple {fU)(z),

Jj =1,...,n}atthepoints 29, z1, . . . , zx. We have the following theorem:
THEOREM 1 .
If&fi)l,k(z,) #0, thenﬁc(J)(z,) =fU(z,),fort =0,1,...,k(1<j<n).
Proof
Letus define
, 0) (,
rd(2) = n_fm,k() m=0,1,....k (1<j<n).

[[:5(z — zm—s) ,

Then we can rewrite egs. (6):

rouk(@) = v (2m) + (2 - Zm)ﬁ
m+1 k

@ "1 (2)
%(2) = 9D (2m) + (2 — 2m) ;;f”‘
m+l k( )

(n) ro(2)

n n

L) = o) o)+ () B
m+lk

(7)
and furthermore we have { (z) =r, k(z)
Hence, it is easy to see that by takingm = t = 0and z = z9 in (7), we get

@) = r(z) = o (20) =/ P(@), (1<j<m),

since 55',2(20) # 0. This proves the theorem for ¢ =0. If >0, we use (7) with
m=t—landz=z:

51—)1 k(Zt) = vt-l(zt—l) + (z¢ — 24-1) (n)l( )
'U(l) Zy
(2) k(z,) = 'U I(Z,_l) + (Zg zi—l) 2")( ) ,
v (21)
("—1) 2
g’l)lk(zt) = 'U (Zt—l) + (2 — z1-1) (n)(( ;) (8)

From (2) we have
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BTy
W (z) — o (z) = v (z) (W) (z2) — vy (1)), (1Sisn—1). (9)

Note that v; (m) (z;) # 0 as a consequence of its definition (2). If we use (9) in (8) we
get immediately that

)

v (z) — o) (ze1) =

1 (ze) = " (Z:) (1<j<n).
Using induction we then find
@) =) (@) = D), (si<n).
This completes the proof of theorem 1. O

EXAMPLE1
For the situation described in table 1 we find, using our method, the following

third approximant triple:

(fé(l)(z) _ (Z+1)(152+6) , -f}'(z)(z) __3(Z+1)(Z—2)

1322 —z 4+ 18 T 1322—-2z+18°

o-ERE029)

This example was taken from Graves-Morris [3]. In this case Graves-Morris’
method gives the following interpolating triple:
0.5(z+1)(3224+2z+2) 05(z+1)(z-2) 05:z+1)(z-1)(z+2)
522 —3z+3 ’ 522 —-3z+43 522 —3z+3 )’

3. Ordering of the interpolation points

It is easy to see from (2) and (7) that the kth approximant n-tuple of the n-frac-
tion does not only depend upon the function values f0)(z;), (1<j<n,0<i<k), but

also on the interpolation points zg, 1, . . . , zx. What we want to prove next is that
Table 1

i 0 1 2 3

z; -1 0 1 2

f(z))p1 (0,0,0) (1/3,-1/3,-1/3) (7/5,~1/5,0) (27/17,0,6/17)
(v, (z,))j_ (~1,-1,3) (=1/7,0,10/T) (0,2/9,17/9)

(v2 (z,))j_ (7/6,~11/6,7/6) (11/9,-10/9,2)

O (z))1 (13,15,18)
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this approximant n-tuple is independent of the ordering of the interpolation
points. To do this we need to know more about the degrees of the numerator and
denominator polynomials of the approximant n-tuples. This information is con-
tained in the following theorem:

THEOREM 2

The solutions A,(c’) (z) (1<j<n) and Bi(z) are polynomials in z with leading
terms given by the following expressions:

Bpiay(2) =
Bipi1yui(z) = I‘(,.+1).,+,Z"V+'_ . (=1...,n),
andforj=1,.
A(_j,),_wﬂ(z) p(_'L_Hﬁ,z"""Hj” +... (i=n—-j+1,...,n),
AP @) ="

AD, @) = /,L(’,)+1)V+J+,z""+]+'_ +... (i=1,...,n),
forv=0,1,2,..., where the coefficients of the leading terms of A,(cj) (2) and By(z)
are defined by the following recurrence relations:

p = p® o) 4+ D @)Y + oD @), + o (),

(2) = “E)n-—l + vx(l)(zl)/'l‘x(i)n +...+ Ux(n_z) (Zi)#x('-')s + 'Ugn_l)(zi) ,

3 —
#53) = 1 @D+ + o @),

= ufﬁ’,._ +v{)(@),
fori=0,1,....Here u(J) isassumedtobe zeroifi<0Oandforallj = 1,.

Proof

We prove the expressions for B;(z). It is easy to see from (5) and the initial values
that

Bi(z) = v ()21 + (lower order terms), (1<i<n),
Bui(z) = 7 + (Lo.).

For the rest we use induction.
Let us assume the theorem holds for B;(z) for j =0,1,...,(n+ 1)(v+1) +i—1.
Then we havefrom (S)fori=1,...,n:
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Bint1)(+1)+i(2) =U§:ll)(.,+|)+,-B(n+1)(u+1)+:—1(Z) +...

—i+2 j— —it1 i
+”§:+’1)(u)+1)+izl 2B(n+1)(v+l)+1(z) +U§:+'1’)L(,,)+1)+,-Z' lB(n+l)(v+1)(z)

+ "§:1'1))<v+1)+:zi Binityun(z) + ...
1 _
+ "En)+1)(u+1)+izn 'Bini1)y4i41(2) + 2" Buytyusi(2) + (Lo.)

= (i-1) 1 b2
=V 1) 1) it 1) i1 2 a2

(-i+2) 2 (1) =) il s
+ iyt Z B ? ) + Ui 2

—i i (n) v+n—1
+v2:+ll))(u+l)+iz‘ #§:+1)u+n2" A

(1) -1, (i+1) v+ i vi—1
F Vst B2+ 2" #E,,)+1),,+,~Z" T+ (lo.)

and hence

—(p(n—i+]) (n—i) (m
B(ni1)(w+1)+i(2) _(U(n+ll)(u+1)+i + v(:+ll)(v+l)+il'l’(:+l)u+n +...

(1) (i+1) ® 1)+i-1
+ v(n+l)(u+l)+il‘l’(:!+l)u+i+l + p’(:x+1)v+i)zn G+ 4 (Lo.)

=l‘§3+1)(,,+1)+,-2” H)+H-1 4 (1Lo.).

ote that by »¥) we mean v z;).) The proof fori = n + 11is similar. O
1 1

Wenow introduce somenotations: let RS’") , (m,i>0), bethe (Vandermonde) matrix:

oz 1
R™ =1 Do
2 g1
and let
77 f0(z0) ... 20fO(z) fO(z)

Rl("':l') — :

7Y0(z) . ozafz) fO(z)
with 1 <j <n. Furthermore let

(nv+i) (mv+i,1)
(R(:+l)u+i e 0 0 e 0 R(:+l)l/+i \

: ) : i )

D(l) — 0 e R(n+1)ll+i ( 0 1) ot 0 ‘R((:+l;li+ll)
v nv+i+ ny+i,i+

0 o 0 R(n+l)u+i T 0 R(n+l)u+i
: : ; - (m/EH'+l) (nvsi-i,n)

\ 0 e 0 0 e R(n+l)v+i R(n+l)v+i
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THEOREM 3

If the conditions of theorem 1 are satisfied, and if the matrlx D(') with v and {
suchthatk = (n + 1)v + i (0<i<n), is non-singular, then fk (z) (1 < <j<n),isinde-
pendent of the ordering of the interpolation points.

Proof
Since the conditions of theorem 1 are satisfied, we have that

k(j)(zl) =fU)(Zt)
fort=0,1,...,k,(1<j<n),and hence
AN (z) —fO(z)Bi(z) =0, t=0,1,...,k,j=1,...,n. (10)

If we use theorem 2 and take the coefficients of the polynomials A,({) (2) and By(z)
as the unknowns in this system of equations, we get a linear system consisting of
n((n+ 1)v+ i+ 1) equations with the same number of unknowns. The matrix of
this system is D), and the right hand side vector C{) is given by

(C) jotywstysmer = Zuf D(zm) form=0,....k,j=1,.
fori =0andfori=1,...,nwehave:
(CNmsiestyie = Zm T for m=0,...,k,
=0  otherwise .

Since this matrix D) is assumed to be non-singular, the system has a unique solu-
tion. If we solve the system using Cramer’s rule, then the theorem follows immedi-
ately from the fact that interchanging two rows in a determinant can only change
the sign of this determinant. O

4. Thecasen =2

In this section we give some explicit determinantal expressions for the numera-
tor and denominator polynomials of the kth approximant n-tuple and we look what
happens if all interpolation points coincide. For the sake of simplicity we restrict
ourselves to the special case n = 2. All results can easily be generalized to the case of
arbitrary n. The formulas in (2) are then replaced by:

2)(zo . Zg1Z) — v}c)( . Zk_1Zk)
(l)(ZO . zk_lz) - 'u,(c )( .. zk_lzk)

@, — £ @ — 2" %
vy (2) =fz), v/ (2z0z1...2x2) = ,
0 ( ) ( ) k+l( ) 'U,(cl) (Zo e zk_lz) - 'U,(cl) (Zo .o zk_lzk)

v(()l) (Z) =f(1) (Z) ) ’U;Cl-i)-l (ZOZI e ZkZ)
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fork = 0z 1,.... Here we have changed our notation to indicate the dependence of
(1) and v’ on the interpolation points. Theorem 2 gives us for the leading terms in
the denommator and numerator polynomlals

By(z) =

45() = #3,’z2'
(2)(2) #31)22.
Byii(z) = #;(;3,122' +

AD () =24,
A @) = 52
Bsio(2) = p, 2 + ..

1 1 i
A3 (2) = W™+
AD )=, (11)

In this case we can give explicit expressions for the denominator and numerator
polynomials. For example, using the abbreviation £U) for fU)(z,), we find from

(10):

0 0 ..0 0 0 e U |
Z 2 .10 0 0 zg"fo(” 20
Bu(s) = |7 A 1o o .0 Z§Zf“’ V) . A 1/D9,
0 0 0 ¥ - 1 zg"f‘z) 2yA P
o 0 o g 1a® @ R
with
Z 20 .10 0o ...0 2yh W
po_|% At o1 0 0 o0 2y LA
v v v— v—1,(2 2
0 0 ...0 2 21 1 2D 0
. . cee e ‘,, ,i_ et ,,_: y 22
0 0 ... 0 & &2t . 1 20 0

and
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& 21 .1 0 0 ...0 0 o 0
Z 21 .1 0 0 0 zg"f“) fv-lf“) o 0
. ;_ e e . . cer ot . .
AV = &2 .1 0 0 .0 zl';f() zg,,lgy: fs(,;) /DO,
0 0 .0z 2! .1 f Py AU o
. : Z_ eee e . _I 5 .
(N 0 A A .1 zZ:f“ O
0 .. 02 & 10 0 .. 0
2 270 .1 0 0 0 2 -
AP =-| & ... 1 0 0 0 zz,fg; 2! 3:: 38 /DO,
0 0 .0z 2 AR Bk
0 0 .0 A .1 zaf“’ 2D

and similar expressions hold for 4’s and B’s with indices 3v + 1, respectively
3v + 2. The coefficients of the highest-order terms satisfy the following relations:
p,(z) (zo .. .z,-) = v(l)(ZO Zi) + ﬂ',_3 (20 Zi—3) )

0 (z0...2) = v (z0...2)uPy (20 .. 212) + 9P (20 ... zi) + uy (20 . .. zi3), (12)

fori=0,1,2,..., with p(’) (_J; = p‘_f{ =0 (j = 1,2). This is a consequence of
theorem 2. These coefficients are functions of zy, . .., z; but they are symmetric in
the z,, (theorem 3). They form a generalization of the reciprocal differences of the
introduction.

Using the definition of v,(l) and v,‘z) it is possible to eliminate them from egs.
(12), and we get

) (z0) =W (z0) 12 (20) =P (z0),
o ziaz) i (2o - zic1)
O (z0...2im1)

2
Hy )(zo Lz = )
#,_ (20 21—221) By
D (z0. .. z2) =(us )(Zo---zi) — 1 (2. 21—3))#,_2( o 2zi2) + (20 . Zis)
+ = 2 — Zj-1 (13)

w20 2i2zi) — ) (20 - .. 2i1)

Here the last two equations can be replaced by

pPz...2)) = piy(E . 7) - #,(_)(zl...z,-)

M,(i) (20...2i-1) — p, (zl...z,-),
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u,(l)(zo e Zi) =(p,,(2) (z0-..2;) — u§3)3(21 .. .z,-_z))pgf)z(zl e Zin)
20— 2

+ (@1 . 2i2) + 5 (14)

By (Zo e Z,'_l) bl ﬂ’t(i)l (Zl ‘e Z,') -

This is done by ordering the interpolation points as zy, 2, . . ., z;, Zo. Explicit formu-
las for these coefficients can be obtained from the determinantal expressions given
above: for instance

p,gi) (zo---23)

21 ...1 0 0 0o 2N - D
_ v (1 i1 1
_ z%::l 1 0 0 0 z%ufs(u) Zgu 13(11) 3(v) /D(O)
- Y v —1 2 2 v
O R I T
SR R R SR
0 . 0 z%ll: Zgul e 1 Z%uf;(v) z%vl3(v) 3(11)
2 2 .1 0 .0 20 2yl 0
.u 3_ cee e : cen e u: M _:1 W (:l)
1) Zy o o1 00 0B A Sy | po
P, (Z0...23) =¥ . v /D, .
3 0 0 ... 0 21 .1 2P 2y O
0 0 .0 ' .. 1 20 2yl 0

As in the case of a Thiele continued fraction it is possible to let two or more argu-
ments of the u’s coincide by taking a limit. We will treat the case where all interpola-
tion points are confluent:

(i+1)x

,ugl)(t) = ugl)( t...1)= zo .l"iIzrll_’tugl) (z0...2z:),
(i+1)x

p,,(z)(t) = u,(z)(t...t) = lim /,L,(Z)(zo . Zi).

Y i §
These expressions can be calculated from the following recurrence relations:
1
w0 =100,
1) =100),
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u® =10)
=5 ,‘?i(t)

p0() = (W2 (1) — b@y (02 (1) + 1 () + —— (15)

m()'

(Here D = d/dt.) The proof of this proceeds in the same way as the proof in [9]:
from (14) we get

y‘z l(ZZZ ) I"’x l(tzz )
z—t

-1

=(,u§2)(tzz. z) — u,_3(zzz ))yfi)z(zzz...z)—p,(l)(tzz...z) ,_3(zzz .2)

2
p.,( )l(tzz. ..Z)— [l.'-_l(ttz. ..2)

z—t

-1
WP ttz...2) - W (tzz. . )l (tzz...2) - u{P etz 2) + py (122 . .2)

pP .. .12) -y . 10)
z—t

-1
WOt 2y — By )@y ) =y )+ (et p)
Adding these equations and letting z— ¢, we obtain

fi)l (1= !
W2 (1) — uZy(0)Zy(1) — s (1) + (1)

and similarly
D (1) = P (), 1)

Solving for p,(l) (t) and p; 2 (t) gives us (15).
If we now define (using (12))

o (1) = () - w25(0),
(0 = u()) - i) - WP (1) - K20,
then the 2-fraction associated with the recurrence relation
=20y + o)z - y-1 + (- 1)y,
yi= 'v,( )(t)yi_1 + 'v,w(t)(z — i+ (z— 0z, i=2,3,... (16)
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generalizes the Thiele interpolation formula (see [9]) and can be seen as the C-2-
fraction on the main stepline in the table of simultaneous Padé approximants of
type I for f(1), £2),

EXAMPLE2
Let ustake f(1)(z) = e"* and f@(z) = 12, Then we find for u{"(¢) and x? (2):

WD) = (;w)

(1) l 1 —*Wll
) =
H3iy (1) = Wy — w2)

i+l
00 = (”‘) o1 o

wy — w2

W1 Wit
w2

a0 = -1 (22 ) et

() (f) = — w1 it le—wzr
Hapoll) = W — W1 Wa )

2
pD(1)

fori=0,1,...,andfor v,(l)(t) and v,(-z)(t):
Wa\ W1 +W2 o, W
'Ugll(t) ( ) —wl—e(”’z 2
M (= wy — 2wy)i — w; ot
Uiiaaf) = (Wz - w1) wz(wz —w) ©

(1) w| — W3 — 2wy emt
v3l+3
2 o)

Wy ) 3i+1 —Wll

I

2)
vgx+1 (WI
i+1
B0 () ez
w2 w2
+
00 = (M222) se,

but with v{")(£) = wy /w1 ™", In this case the 2-fraction associated with (16) is
equivalent with the C-2-fraction for this example givenin [1].
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