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A Look-Ahead Method for Computing Vector
Padé-Hermite Approximants

Marc Van Barel and Adhemar Bultheel

Abstract. In this paper, we present an algorithm to compute vector Padé-Hermite
approximants along a sequence of perfect points in the vector Padé-Hermite table. We
show the connection to matrix Padé approximants. The algorithm is used to compute
the solution of a block Hankel system of linear equations.

1. Introduction

Given a matrix of power series, we shall describe an algorithm for recursively comput-
ing the vector Padé-Hermite approximants that are located at successive perfect points
on a diagonal of the vector Padé-Hermite table. In fact, our algorithm even computes a
basis for all possible solutions that can be obtained in that point of the table.

A vector Padé-Hermite approximant with order indices o for a matrix of power series
F(z) € F[[z]FF*™ is a polynomial vector p(z) € F[z]" such that

F()p@R) = 04(z°).

Whens = 1, m = 2,and F(z) = [—1 f(2)], with f(z) a scalar power series, we get a
Padé approximant [1],[2]. When s = 1, and o', which reduces to a scalar integer number,
is the sum of the allowed degrees of p plus (m — 1), then p is a Padé-Hermite approximant.
For more details, we refer the interested reader to the introduction of [21],[8] and the
references therein.

The vector Padé-Hermite table considered in this paper, is a generalization of the Padé-
Hermite table [18],[14] and the classical Padé table [12]. The algorithms of [10],[19] are
based on relationships between neighboring approximants in the Padé-Hermite table.
However, the algorithms are only guaranteed to work when the vector of power series
is perfect (see [14]). To overcome this restriction, we developed in [21] afi algorithm
computing nonperfect Padé-Hermite approximants.

This algorithm is very similar to the one developed by Beckermann in [4] to solve
the M-Padé approximation problem. When all the interpolation points coincide, the
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M-Pad¢ approximation problem reduces to a Padé-Hermite approximation problem.
Beckermann also investigated the singular structure of the M-Padé table in [3]. In [20]
the simultaneous Padé approximation problem was solved in a similar way. The pre-
vious two types of approximation and the more general matrix rational interpolation
"problems are all special cases of the vector M-Padé approximation problem. In [22],
we derived basic algorithmic steps to follow any path of approximation. Beckermann
and Labahn [5] introduced the concept of power Hermite-Padé approximants to solve
different types of matrix Padé approximation problems. They even derived a super-
fast algorithm to accomplish this. The basic steps taken in all these algorithms are the
most elementary steps one can take; i.e., adding only one new interpolation condition,
changing only one degree of the interpolant. However, when using floating point arith-
metic, this way of working does not (yet) allow control of the numerical stability of the
algorithm.

It turns out that algorithms which make bigger jumps, but require a special structure
of the solution, have more flexibility in controlling the stability. Originally such algo-
rithms were not designed to overcome numerical stability problems but to overcome
the nonperfectness of the given power series. The special structure of the solution is
found in so-called perfect points. Hence, instead of doing elementary steps to go from
one perfect point to another using some intermediate nonperfect points, these algorithms
“look-ahead” from a perfect point immediately to the next perfect one.

The algorithm developed in this paper is such a “look-ahead” procedure. It can be
seen as a first step towards a numerically (forward) stable algorithm when floating point
arithmetic is used. Instead of jumping from one perfect point to the next one, the updating
formulas derived here are also valid when going from one perfect point to any other
later one. Hence, we could compute successive “well-conditioned” perfect points. For a
successful adaptation of these ideas to the scalar Padé approximation problem, we refer
to [9], and for the (scalar) Padé-Hermite approximation problem, to [6]. However, in
this paper, we will not concentrate on these stability considerations. Another reason to
have updating formulas for bigger jumps, not necessarily with a special structure of the
solution, is the construction of superfast algorithms. See, for example, [5],[7],[13].

Our algorithm generalizes an algorithm of Cabay, Labahn and Beckermann {8], which
treats a similar problem for the scalar Padé-Hermite case. Instead of taking a row vector
of scalar power series, we replace each scalar power series by a column vector of power
series. Hence, we get in general an (s x m) matrix of power series (with s < m). Cabay
and Labahn also give a generalization in [7], the difference being that each scalar power
series is replaced by a square matrix power series. Therefore, the number of columns
of the resulting matrix of power series is a multiple of the number of rows. Hence, the
problem they consider can be directly transformed into the problem solved here, but not
vice-versa. However, they use the recurrence relation from one perfect point to @ later
one to construct a superfast algorithm.

Besides generalizing the previous work of Cabay, Labahn and Beckermann, we wanted
to develop the updating formulas that go from one perfect point to another as a special
case of a very general and simple updating formula (allowing construction of superfast
algorithms where the intermediate points don’t need to be perfect). In spite of the simple
general updating formula, it turns out that when special structure conditions are imposed, .
this formula becomes more detailed and complex.
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In Section 7, we also relate the problem to matrix Padé approximation and give the
connection with [17]. In Section 8, we use the algorithm to compute the solution of block
Hankel systems. We make the comparison with [15] where the inverse of a block Hankel
matrix is computed. ,

Only minor modifications are needed to obtain an updating of the basis when moving
from one perfect point to another that need not be on the same diagonal. Also, adaptations
for a superfast version of the algorithms are standard and can be applied easily to our
algorithm.

We start with some preliminary definitions and notations. Let N = {0, 1,2, ...} be
the set of natural numbers and Z, the set of integers. An index s-tuple will be written in
vector notation: e.g., o = (0, ..., 05) € N,

F is an arbitrary (finite or infinite) field. F{z]**™ and F[[z]}]**™ denote the set of s x m
polynomials and formal Maclaurin series, respectively. All formal Maclaurin series in
this paper will be in F[[z]]**" with s < m.

For F(z) € F[[z]]"*™ and o € N*, we write

F(z) = 0,(%)
to mean that the (i, j)-th entry of F(z) is of the form
fij(@) = Z findt

k>o;

i.e., 0; indicates the order of row i of F(z). We use an analogous definition for O_ (Z”).
For o € Z° and F(z) € F[[z]]"*™, we write, z7 F (z), for diag(z°", ..., %) F(2).
Let 7 € Z™ and p(z) € F[z]}", then '

7-deg(p1(2), ..., pm(2)) = max{deg p;(z) = 7, i = 1,2,...,m}.
With such a polynomial vector p(z) of 7-degree § we associate its coefficient vector
(H coeff(p) = [po.1, P11+ -+ Potril - |Poms Ploms - - s Potanm]

where

8+1; .
Pi(Z)=ZPk,iZk, i=12,...,m.
k=0

For a general polynomial matrix

P(z) =[p1(2),72(2), ..., px(2)],

we say that T7-deg P(z) = o € Z* when 7-deg p;(z) = o; fori = 1, ..., k. If each of
the columns is considered to have a T-degree < §, we define the coefficient matrix of
P(z) as

coeff(P) = [coeff(py), ..., coeff(pr)].

with coeff(p;), j = 1,2, ..., k, given by (1).

For more details about the following concepts, we refer to [22].

If p(z) € F[z]™ and 7-deg p(z) = 4, then 7-hdc p(z) is the highest degree coefficient
with respect to T, that is, the vector in F” whose i-th component equals the coefficient
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of 2% in p;(z). A set of polynomial vectors is 7-reduced iff their 7-hdc vectors are
linearly independent.

For an s-tuple z = (z1, ..., 2) € Z°,
)
Izl = lzil.
i=l1
We define a function vect : N — N° : r > vect(t) = o = (01, 02,...,05) by
op=0=---=0,=qg+1 and o1 =--=0;=¢g

where g and r are defined by the unique decomposition of 7 into 1 = gs + r, with
0 <r < s (ie,r =t mod s). Note that ||o|| = || vect(z)|| = ¢, so that o is uniquely
defined by its norm. :

The rationale behind this definition is that if we have ¢ interpolation conditions, to be
distributed over an s dimensional vectorial interpolation problem and & = vect(z), then
a natural choice is to distribute these conditions cyclically such that o; conditions are
imposed on component i. Such ordering was proposed for the first time by Van Iseghem
[23].

In this paper, we shall assume that the vectors & of order indices (see below) are
always in this natural ordering, so that o = vect(||c||) and hence that o is uniquely

defined by its norm.
We also reserve the notation e¢; = (1,...,1,0,...,0) € Z™ with s ones and e =
(1,...,1) € Z". By £ we mean the s-dimensional analogue of e.

2. Vector Padé-Hermite Approximation
We are interested in the approximants, defined as follows.

Definition 1 (vector Padé-Hermite approximation). Given F(z) € F[[z]]**™ with s <
m, we say that a polynomial vector p(z) € F[z]™*! is a vector Padé-Hermite approximant
with order indices o € N* for F(z) if it satisfies the vector interpolation conditions

2 F()p(2) = 0.(z°).

S7 denotes the set of all vector Padé-Hermite approximants for given o and given F(z).

Recall that the vectors o are supposed to be in the natural ordering, so that o, and
hence also S, is completely fixed by the natural number 7 = ||o||.
We define the vector Padé-Hermite table as follows.

Definition 2 (vector Padé-Hermite table). Let the formal s x m Maclaurin series F(z) €
F[[z]]**™ with s < m be given. Point 7 € N™ of the m-dimensional vector Padé-Hermite
table of F(z) contains a matrix M,(z) = [b;(2), b2(2), - . ., be(z)] whose columns form
a basis of the F-vector space S,. S is the set of all polynomial vectors p(z) that have
7-degree < 0 and are vector Padé-Hermite approximants for F(z) with order indices
o = vect(||T| + s).
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Note that the vector of degree indices, 7, gives an upper bound for the degrees that
we allow for the polynomial components of p(z), but at the same time fixes the number
of interpolation conditions by ||o|| = I|7]| + 5. Hence, it determines o and therefore the
specific interpolation conditions that are to be satisfied. In other words, S C S contains
all the elements p(z) € S? with 7-deg p(z) < 0. The converse is not true; & will not
define T uniquely. The previous connection between the degree and order indices, i.e.,
o = vect(||T|| + s), will be maintained in the rest of the paper.

The computation of vector Padé-Hermite approximants is equivalent to the solution
of a structured system of homogeneous linear equations. This can be seen as follows.
We denote the columns of F(z) by {;(2), where

[«
f;(x) =) fi;2* with fi; e F>' (f; =0fork <0).
The elements of S, can be found by computing the solutions of the following set of

linear homogeneous equations, which incorporates the degree conditions as well as the
corresponding interpolation conditions,

3) Tr coeff(p) = 0.
The generalized block Sylvester matrix T is defined as follows (¢t = |lo|| = ||| + s):
I, = [T'r,l I T‘r,2 | .. | TT,m] € F’X("TIHm)a

where

fo,;

fij  fo

T.;=| S € F @+,
fq*l j fi 2j T fq*frl J

fq} f ~Lj fqrf

with
fiTj cF rxl

containing the first r elements of f; ; with r = {|7|| mod s (recallz = |lo)| = ||7|[+s =
sq + r). The number of unknowns is |7 + e|| = ||7{i + m. The number of equations
(interpolation conditions) is [|&|| = ||7]| + s. Because s < m, the basis M, (z) will at

least contain (||7} +m) — (JiT]| +5) = m — s elements.

Definition 3 (perfect point). If the basis for S, contains precisely m — s elements, we
say that 7 is a perfect point.

The following theorems are simple observations.

Theorem 4 (characterization of a perfect point).  The point T is perfect iff T has full
rank, i.e. iff the ||T|| + s rows of T are linearly independent.

Note that the non-trivial part of the first block row of T, is equal to the constant .
coefficient of F(z), i.e., F(0). This implies the following theorem.



460 M. Van Barel and A. Bultheel

Theorem 5. Let T} be equal to T, but with the first block row and the first column
of each of the m block columns deleted. The generalized block Sylvester matrix T, has
Jull rank iff F Q) has full rank and the square generalized block Sylvester matrix T} is
nonsingular.

In the sequel we assume that F(0) has full rank and that the columns of F(z) are
ordered such that the first s columns of F(0) are linearly independent.

Corollary 6. Assume that F(0) has full rank. Then the following are equivalent.

The point T is perfect.

T has full rank.

T* ¢ FITIXIT s nonsingular.

There is no nontrivial solution with T-degree < -1 satisfying the first ||T||
interpolation conditions.

BN =

The following theorem says that for a perfect point, a basis matrix for S, will always
be T-reduced.

Theorem 7 (T-reduced basis matrix). Let T be a perfect point for F(z) € F[[z]]"*"
and let

M (2) = [b1(2), b2(2), ..., by (2)]

be a basis matrix for Sy. Then o = m — s and M (2) is T-reduced with T-degree 0.

Proof. Suppose M, (z) is not T-reduced, i.e., the T-highest degree coefficient of one
of the basis vectors is already zero or can be made equal to zero by recombination of
the basis vectors. However, multiplying this basis vector by z would give a nontrivial
solution satisfying (3) with the constant term equal to zero. Hence, there would exist a
nontrivial solution of

TXcoeff(p) = 0.

This means that 7* is singular, hence 7 is not a perfect point which contradicts our
assumption. |

Theorem 8. If T is a perfect point for F(z) € F[[z]1**™ and M, (2) is a basis matrix
for Sy, then the m — s columns of M, (0) are linearly independent. Moreover, if the

columns iy,iz, ... ,is of F(0) are linearly independent (form a nonsingular matrix),
then the (m — s) x (m — s) matrix obtained by deleting rows iy,iz, ... ,is in M.(0) is
nonsingular.

Proof. If the basis vectors have linearly dependent constant coefficients, they can be
combined to give a nontrivial solution of (3) which has the constant term equal to zero.
As in the previous proof, this means that 7 can not be a perfect point. To prove the second
part, observe that F(0)M,(0) = 0 is the first block row of (3). ||
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3. Basis Matrix for §7

In this section we look for a compact way to denote all elements of S7, i.e., all the
solutions of (2). For more details and proofs, we refer to [22].

Because S° forms an F[z]-submodule of F[z]", we can represent p(z) € §? as a
polynomial linear combination of some basis vectors b (z), . . ., b,y (z). Arranging these
basis vectors as the columns of a basis matrix B?(z) € F[z]"*™, we see that all solutions
p(z) of (2) can be written as

P = B (D)),

with ¢(z) € F™*![z]. This e(z) contains the uniquely defined coordinates of p(z) with
respect to this basis matrix. '

To construct and identify a basis matrix B?(z) we can use the following characteri-
zation theorem. '

Theorem 9 (characterization of a basis matrix). From [22]. A polynomial matrix
B(z) € F"*"™[z] is a basis matrix for S° iff

1. the m columns b;(2) of B(z) belong to §7, i.e., they satisfy (2);
2. degdet B(z) = ks with ks the number of independent conditions out of the |of|
interpolation conditions given by (2).

Remarks. 1. kg is minimal in the following sense. Take m polynomial vectors p;(z),
j=1,2,..., m satisfying (2) and set

P(2) =[p1(2), p2(2), - - -, Pm(2)]-

If det P(z) is not identically 0, then deg det P(z) > ks.
2. If F(0) has full rank s, all interpolation conditions are linearly independent, i.e.,
ks = || '

All elements of S¢ of limited 7-degree can be represented as follows.

Theorem 10 (7-reduced basis matrix). From [22]. If the basis matrix

B%(z) = [b1(2), b2(2), . . ., b (2)]

Jor 87 is T-reduced, then all the elements of S having T-degree < o can be represented
as

| PR) = B()e(2),
with degc;(z) < o — o; and a; = T-deg of b;(2).

The latter result will allow us to construct an entry M,(z) of the vector Padé-Hermite
table corresponding to a perfect point 7. By the previous theorem it is obvious that for a
perfect point 7, we can generate the subset S, of all elements in S with T-degree < 0,
where o = vect(||7|| + s) if we have a T-reduced basis matrix B (z) for the submodule
§9. Thus the construction of a basis matrix M(z) for the vector space S is reduced to
the construction of a T-reduced basis matrix B(z) for the submodule S°.

We use the following definition.
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Definition 11 (residual series, residual). If p(z) € $7, we define the residual series
R(z) € F[[z]FF*! of p(z) with respect to F(z) for the order indices o as

F(2)p(z) = 27 R(2).
The constant coefficient R(0) of R(z) is called the residual of p(z).

Theorem 12. Let T be a perfect point of F(z) € F[[z11"*™ and M(z) a basis matrix
which is the entry of the Padé-Hermite table at point 7. The matrix

B-(z) = [*Biz) M.(D]
e

s m-—=s
with
T coeff(BE) = [Osx(jrf—s)> X17, X € F**° nonsingular,

and T-deg B:i(z) < —e (columnwise), forms a T-reduced basis matrix for §7 with
o = vect ()| 7|l +5). The T-column degrees of B-(z) are e; (s ones, m — s zeros). Hence,
degdet B (z) = |lo|l. In other words, the columns of B:(z) are vector Padé-Hermite
approximants for order indices o — 2¢, having T-degree = —1 and having linearly
independent residuals.

Proof. First, note that BX(z) can always be computed because T is nonsingular if 7
is a perfect point. Second, note that all the columns of B, are in S°.

Splitting F(z) as F(z) = [FL(z) Fr(z)] with Fr(z) € F[[z]]’* and Fr(z) €
F[[z]}"*“=%), it holds that

Fi(z) Fr(2) 27X+ 0.(z7) X
BT(Z) N 0(m~s)><s M';-(O) + 0+(Zl) ’

with M_(z) the last m — s rows of M, (z). Taking the determinant of the left and right
hand side, we derive that

O(m—s)xs Im—s

0 # det B/ (z) = 0,.(z'"M).
On the other hand, the 7-deg of the columns of M, (z) are 0 and the 7-deg of the columns
of B} are < —1.
Therefore,
27 TBr(2) = Bpz® + 0_(z%79),
or
det B, (z) = det BhZIITIHnT + 0_(lerll+s—l) -0 (ZHG'H)_

Hence, we get that det B,-(z) = det B,z'“! # 0. Thus, degdet B,(z) = llo|| = ks,
and by Theorem 9, this B, is a basis matrix for §7. Moreover, because the highest
degree coefficients of the columns of B,(z) are the corresponding columns of Bj, and
det B, # 0, B.(z) is T-reduced with 7-column degrees e;. [ ]

In the sequel, we need a uniquely defined basis matrix in a perfect point.

Theorem 13. Let T be a perfect point of F(z) € F[z]1*™. Then, there exists a unique
T-reduced basis matrix B,(z) for S7 such that
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1. it has the form B;(z) = [z*Br(z) Bgr(z)] with BL(z) € F[z]™ and Br(2) €
F[Z]mx(m—s);

2. the T-column degrees of B+(z) are es;

3. F@Z*BL(2) = 2°I; + 0.(z°"%);

4. BR(0) = I_; where By (2) denotes the last m — s rows of Bg(z).

Proof. The left part, B (2), is uniquely determined by the second and third conditions
or

T coeff(BL) = [Osu(tri—s» 151"

Hence, B;(z) = B} with X = I, in the previous theorem. The right part, Bz(z), is
uniquely determined by the second and fourth conditions. We get that Br(z) = M-(2)
with the last m — s rows of M-(0) equal to I,,_;. From the previous theorem, we see that
the matrix [Br(z) Br(z)]is a T-reduced basis matrix for §°. ]

Definition (canonical basis matrix). Let 7 be a perfect point of F(z) € F[[z]]"*". The
unique basis matrix from the previous theorem is called the canonical basis matrix.

4. Going from One Perfect Point to Another One

Assume that we know a 7-reduced basis matrix B,(z) for §7 corresponding to the
perfect point 7 given by Theorem 12. Suppose that 7 + ke is also a perfect point. Can
we compute a (T + ke)-reduced basis matrix B, (z) starting from the basis matrix

B (2)? The following observation is trivial.

Lemma 15 (7-reduced). A4 polynomial matrix P(z) € F[z]™*" is T-reduced iff P(z)
is (T + ke)-reduced. Moreover,

7-deg(P) = (T + ke)-deg(P) + ke.

When adding interpolation conditions, we can use a general updating theorem. It says
that a basis with order indices o + v can be obtained by combining an order o basis
for F(z) with an order v basis for its residual series. In the sequel, we will need basis
matrices of submodules based on other series than the series F(z). From now on, if it
is not clear which series is used, we will include it in the notation as follows: B (F; z)
and S7(F).

Theorem 16 (general updating theorem). Let B° (F;z) be a T-reduced basis matrix
Jor S°(F). The T-degrees of the columns of B°(F;z) are . The polynomial matrix
Bot¥(F;z) = B°(F;2)BY(R;2) is a T-reduced basis matrix for ST (F) iff B¥(R;z)
is a ( — av)-reduced basis matrix for the submodule S¥ (R), with

S¥(R) = {p(2)|R(2)p(z) = 04 (z")},
where R(z) is the residual series of B°(F;z),i.e., F(Z)B?(F;z) = z° R(2).

Proof. A proof of this theorem can be found in Appendix A. u
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We have to be careful when we apply this theorem to update from one perfect point
to another one. Suppose |l + v|| =¢'s ++, 0 < r’ < 5. Then we impose ¢’ + 1
interpolation conditions for the rows 1,...,r  of F(z) and ¢’ interpolation conditions
fortherowsr' +1,...,s.If |o|| = gs +r, 0 < r < s, then the elements from S7(F)
satisfy ¢ + 1 interpolation conditions for the rows 1, ..., r and g conditions for the
rows r + 1, ..., 5. So the order v approximant for the residual should exactly fill up the
difference in conditions per row. Thus the interpolation conditions for the residuals are
imposed on the ||| rows, repeated cyclically, starting with row r + 1. In other words, the
order v approximant for the residual series R(z) is in fact computed for C" R(z), where
C represents the permutation operator which shuffles the rows cyclically one place up.
Applying the previous theorem to B (F; z) and By (F; z), results in the following
theorem.

Theorem 17 (updating from one perfect point to another). Let T and T + ke be two
perfect points on a diagonal of the Padé-Hermite table for F(z). Suppose B (F;z) is a
T-reduced basis for 8°(F), with o = vect (|| Tl| + 5) (e.g., as given by Theorem 12).
Let R-(2) be the residual series of B-(F;2), i.e., F(2)B-(F;z) = 7z° R-(2). Finally, for
0 < k € N, define v € N* as the vector of order indices v = vect (km).

Then the polynomial matrix B_T;,ke(F ;2) = Br(F:;2)Bre—e, (C"R2) is a (T + ke)-
reduced basis matrix for St (C"R;) iff Bie—e,(C" Rr;z) is a (ke — e;)-reduced basis
matrix for S¥(C” R;) for the perfect point (ke — e5) in the vector Padé-Hermite table for
C'R.(Q)with|lo| =gs+r,0<r <s.

Proof. Let us first prove that if 7 is a perfect point for F(z), then T+ ke is also a perfect
point for F(z) iff (ke — e,) is a perfect point for RS(z) = C"R,(z). First assume that
(ke — e,) is not a perfect point for R(z). Hence, there exists a non-trivial polynomial
vector p(z) having (ke — e,)-degree < —1 satisfying the first ||ke — e,|| = km — s
interpolation conditions.

Note that q(z) = B,(F; 2)p(z) has (T + ke)- degree < —1 and g(z) is a nontrivial
solution satisfying the first

(Il +5) + llke — el = |[T + kel

interpolation conditions for F(z). Hence, T + ke is not a perfect point.

For the “if”-part, we assume that (ke — e,) is a perfect point for RS(z) and, as above,
it follows easily that T + ke is a perfect point for F(z).

The rest of the theorem follows immediately from Lemma 15 and Theorem 16. W

Note that if B-(F; z) and Bge-e, (C” R.; z) are constructed using Theorem 12, also
B (F; 2) Bre—e, (C" R;; z) will have the form described in this theorem.

5. The Border of the Vector Padé-Hermite Table

In the previous section, we have assumed that 7 > 0 (componentwise). Theorem 17
shows how to jump from the perfect point 7 to the perfect point 7 + ke.

Suppose now that we are interested in a 7-reduced basis matrix B, (z) for the submod-
ule S7 where some of the components of 7 may be negative. The first nontrivial point
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on the diagonal 7 + ke, k € Zis

T — Tmax€, With tmay = max{r;|j =1,2,...,m}.
However, some of the components of 7 — ke, X = Tmax, Tmax — 1, . . ., 0 can be negative.
Hence, we have to extend the definition of S, B-(z), Sr, M-(z), ... whenever some

T < 0.

Definition 18 (projection of the diagonal T — ke). We define the projection of z =
(z1,...,2zm) € Z™ on the positive cone by proj(z) = = with

m; =max{0,z;}, j=1,...,m.

We call the piecewise linear path 7, = proj(7y), the projection of the diagonal path
Tr = T — k&, K = Tyax, Tmax — 1, ..., 0, when each point is replaced by its projection
on the positive cone. When 3t; : t < 0, the entities B-(z), S;, M-(z), . .. are defined as
the corresponding entities for the projection 7 = proj(7). Thus, for example, B, (z) =
Br(2). .

We now show that the results of the previous section are also valid when 37;: 7; < 0.

From now on, we shall assume, without loss of generality, that the columns of F(z) €
F[[z]]F*™ are ordered such that for a perfect point 7, Zj‘:x T; is maximal with F(0)
nonsingular. We use Fi(z) to denote the s x s matrix containing the first s columns of
F(z). Note that this special ordering will only be necessary to establish the results when
T £ proj(T), i.e., on the border of the vector Padé-Hermite table. ‘

Theorem 19. Given T € Z™ and F(z) € F[[z]]**". The columns of F (z) are ordered
as explained above.

Let the point ™ = proj (T) be perfect. Let B+(z) = Br(z) be the canonical w-reduced
basis matrix given by Theorem 12. Then, B.(z) is also a T-reduced basis matrix_for
8§, o = vect (||| + s). Its w-column degrees are e; and its T-column degrees are
e, + (v — T). Moreover, the first s components of (w — T) are always zero.

Proof. The proof of this theorem is given in Appendix B. |

‘We now extend Theorem 17 to the more general case when one of the components of
T could be negative.

Theorem 20 (updating from one perfect point to another). Let B-(F;z) = Br(F;z2),
with © = proj (T), the canonical T-reduced basis matrix for S°(F), o = vect (|| x| +5),
given by Theorem 19. v

For 0 < k € N, the polynomial matrix B, (F;z) Bs(R%;z) is the canonical (T + ke)-
reduced basis matrix B e(F;2) = By (F;2) for ST (F), with 7' = proj (T +ke) for
the perfect point T+ ke iff BY (RS;z) = Bs(RS;z) is the canonical § = ke—e; — (w—T)-
reduced basis matrix for the perfect point 8 in the vector Padé-Hermite table for RE(z) =
-C" R, (2), with R,(z) the residual series for B-(z) (i.e. F(2)B-(F;z) = z°R.(2), C is
the cyclical up-shift matrix, and r = ||o’|| mod s).

The 6-column degrees of Bs(RS;z) are e, + (7' — T — ke),
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Proof. The proof of this theorem is given in Appendix C. ]

6. Algorithm

The previous theorem allows us to construct an algorithm jumping from one perfect
point to the next, on the diagonal 7—/e,! = Tyax, Tmex — 1, . - - in the vector Padé-Hermite
table.

Algorithm 21 Diagonal Path.
Input: F(z) € F[[z]}*", with F(0) of full rank and 7 € Z"™.
Step 1 (a) permute the columns of F(z) and the corresponding elements of 7 such
that F; (0) is nonsingular with Zs_] 7; maximal;
®) k < Lip < 7—(Tnax + De;m < —es; By (F; 7) < Im,RC(Z) « F(2).
Step 2 for I = tyax, Tmax — 1, ..., 0

(a) 6 «—ke—e;, — (m—p)

(b) d <« det(T) with T based on R}, (2)

(c) if d # 0 then
(1) construct the canonical Bs(R};; z) from Theorem 12
(2) Butre(F; 2) < Bu(F;2)Bs(Ry; 2)

(3) R, 4e(2) < 27V R} (2) Bs(z) with v = vect({|6]| + 5)
(4) <« p+ke
(5) 7 <« proj(u)
(6) R;(2) = C"R,{(z) withr = ||§]| mod s
N k1
else
() k<«k+1
endif
endfor
Output: if o = 7 then

(a) T is a perfect point;

(b) BL(F; z) is a p-reduced basis matrix connected to this perfect pomt H.

else

(a) T is not a perfect point;

(b) p is the last perfect point on the diagonal before 7 and B, (F; z) is the
corresponding basis matrix;

(c) ifwe are interested in a 7-reduced basis matrix B, (F; z) for the non-perfect
point 7, we can compute a 8-reduced basis matrix Bs(Ry,; z) for the non-
perfect point 6 for R}, (z). The polynomial matrix B, (F;z)Bs(R;;z)isa
7-reduced basis matrix for the non-perfect point 7.

endif

Remarks. 1. When p is initialized as p < 7 — (Tyax + 1)e and w as ™ «— —e,, we
start by looking for a first perfect point of the form
(6 «)ke—e — (m—p) =7 — (Tnax + 1) + ke
with k > . '
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2. In a manner that is analogous to [8], we can show that this algorithm requires only
O(|| proj()||?) FLOPS if the variable k only reaches small values compared to
Il proj (). |

3. Suppose s = land m = 2, with F(z) = [—1 f(2)] (Padé-approximation) with
f (@) = 0,(z"). Weare interested in a 7-reduced basis matrix B, (z) withT = (1;, 12)
and 0 < 1; < 15. Hence, 17 = Ty = max{t;, 72}. If we follow the diagonal path
T—le,l =n,1—1,...,1,...,0,the first point which is possibly a perfect point, is
reached for! = ;. Indeed, we have shown that the first s components of & = proj(T)
are equal to the corresponding components of  for a perfect point 7. However,

n—-Il#m=0, l=nn—-1,...11 + L

Also I = ) gives no perfect point. This also follows from the fact that the first row
of T is a zero row with w = proj(m —le}), = 1, 2 — 1, ..., 7).

. Suppose [ = t; — 1 gives the first perfect point 7. Computing a T-reduced basis
matrix B, (z) for this perfect point, requires O((z, — 71)°) FLOPS. Hence, if 5 > 11,
then the variable k of Algorithm 21 reaches the value T, — 7; + 1, which is not moderate
anymore compared to the total number of interpolation conditions.

Therefore, to reduce the amount of computational work, one could follow other
paths in the vector Padé-Hermite table. These paths are chosen such that the distance
between two consecutive perfect points is small compared to the total length of the
path. Of course, when a non-diagonal step is made, the updating formulas have to be
adapted.

4. Algorithm 21 jumps from one perfect point to the next one on a diagonal path in the
vector Padé-Hermite table. The updating formula of Theorem 20, however, is valid
for stepping from one perfect point to any that follow it. Hence, instead of choosing
the next perfect point, we can choose one of the “well-conditioned” perfect points
that follow it. That is, instead of determining the next point based on the determinant
of T4, we can look for a & such that the condition number of T is small enough,
which implies that this also determines a perfect point.

5. Instead of Algorithm 21, a divide and conquer strategy could be used as in Cabay
and Labahn [7], reducing the amount of computational work to O(k log% k), with

k = |l proj(m)|.

7. Matrix Padé Approximation

In this section and the next one, we give two applications of the previous algorithm to
related problems such as matrix Padé approximation, and the solution of block Hankel
systems. Both problems can be reduced to a vector Padé-Hermite problem.

We get the following connection between the vector Padé-Hermite approximation
problem and matrix Padé approximation.

We split F(z) € F[[z]]**™ as

F(2) = [FL(z) Fr(2)],
with
Fr(2) € F[[Z]I* and Fr(z) € F[[z]*" 9,

and assume that F7 (0) is nonsingular.
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Let T be a perfect point, and the basis matrix for the F-vector space S, be

M:-(2) = [b1(2), b2(2), ..., b (2)].
This basis matrix can be split up as

N(z)

M. ()= [D(Z)

] . with N(z) € F[z]”** and D(z) € F[z]™*"~*).

Because F.(0) is nonsingular, D(0) is nonsingular (see Theorem 8). Hence, by rewriting
the interpolation condition (2), we obtain

FL@N@)D@) ™ = —Fr(2) + 047,
As usual & = vect(||]| + s). If all the entries of ¢ are the same, we get
N(@)D(z)™' = —F(2) "' Fr(2) + 04(z°).

If F;(z) = I, then, even if the entries of o are different from each other, we can
always write

N@D@) ™" = —Fg(2) + 0.(z%).

Hence, the M.(z) for a perfect point T gives us a matrix Padé approximant having
T-McMillan degree 0. For the definition of 7-McMillan degree, we refer to [22].

If m = 25 and proj(v) = 7 = (65, ..., 5. 0p, ..., 3p) (s times &y and §p), we get
that o = (8y + 8p + D)e. Hence, N(z) D(z)~! is a right matrix Padé fraction as defined
in [17] with deg N(z) < dy and deg D(z) < 8p. When we use our algorithm for this
specific data and jump immediately to the diagonal part of the path, we get a similar
algorithm as in [17]. '

8. Solution of Block Hankel Systems of Equations

Let us consider the (¢ x ﬂ ) block Hankel matrix

Ho H - Hy
H. H, --- Hgy

H=| " 2 TP it H e B
Ha Hot+l Ha+ﬂ

Consider the set of linear equations
Hx=b, with b=[bl,b],... b7 and b; e F*!,
where we look for
X = [xg,xg_l, ey xg]T, with x; € F7*L.

Before we can apply the previous techniques, we have to translate this linear algebra
problem into a vector Padé-Hermite approximation problem. Let us rewrite the original
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linear algebra problem in the following equivalent one:

Ho I, .
Ho H - Hpp|l, _
@ \m B H - H ~bo || =0,
H H, H; Hﬂ.,.l —by
LHy Howr Haiz - Hasp ~ha -

with unknowns x and y = [y}_,,¥5 ,,...,¥]” withy; € F**. Note that this set
of linear homogeneous equations has (¢ + B + 1)s equations and (8 + 1)g + Bs + 1
unknowns (counting the 1 as an unknown).

If we define

H(@) =Hot’ + Hiz' + - + Hoypt™*P + 0,2+,
b(z) =boz® + biz' + -+ + bez® + 0, (2™,

x(2) =%02° + x12' + - - + %525,
Y@ =yo’ +yi1z' + - +ypizf 7l

equation (4) is equivalent to the following vector Padé-Hermite approximation problem:

x(2)
[H(Z) I, — Zﬂb(z)] [y(z)} = 0+(Za+ﬁ+1),
1

with 0-deg x < § and 0-deg y < B — L. This can be rewritten as
F(2)p(z) = 0.(2%),
with
m=q+s+1,
F() =[H@) I, —2’b(@)] € Fllz]I"™",
P =[x"(@) ¥ () 117 € Flz]™,
T-degp <0,
Tz(&ﬂ,;..,ﬂ,ﬂ—l,ﬁ—l,...,ﬁ—-l,O),

~

q N
o=(c+B+l,a+B+1,...,0a+8+1).

Because F(0) has full rank, we can use Algorithm 21 to compute 7-reduced basis
matrices B, (z) for each perfect point on the diagonal 7 —le,l = 8, 8—1,8~2,...,1*
Note that it might be that the columns of F(z) should be reordered such that F; (0) is
nonsingular with Zj‘:x t; maximal. The last value of / (i.e., I*) is chosen such that the
number of interpolation conditions that determine B, (z) is smaller than or equal to the
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total number of given interpolation conditions, or

I*=min{l € Z|||7|| +5 < (@ + B+ 1)s with ® = proj(r — le)}.
Equivalently, I* is determined such that
&) F=min{{l e Z|(s+q) >gp — (@ + 1)s}U{B}}.

From now on let us assume that the block Hankel matrix H is square, i.e., s(a + 1) =
q(B+1). Moreover, let H be nonsingular. Hence, the solution space of (4) has dimension
1 and there is only one element from this solution space having last component equal to
1.

Equation (5) simplifiesto/* = 0.For! = I*, we have that 4 = 7 and the corresponding
number of interpolation conditions is ||7]| + s = (s + ¢)B. The remaining number of
interpolation conditions is

a+B8+Ds—(r|+s)=¢qg >0.
Hence, to obtain the final solution, we look for the unique solution of
(6) . C'R:@P@) = 04(z"), r=|r| mods
with ’
F()B:(2) = 27 R (2),
o' = vect(| Tl +9),
v = vect(g),
(—e;)-degp(z) < 0,

and the last component of p(z) is equal to 1.

Equation (6) translates into a set of ¢ linear homogeneous equations with ¢ + 1
unknowns. The solution space has dimension one and there exists a unique solution p(z)
with the last component equal to one. The final solution x(z) of the block Hankel system
of equations is given as

(7 x(z) = [l; 0 0]B-(2)p(2).

Suppose now that the last perfect point for/ = 8,8 —1,...,0isnot 7 — [*e = T buta
previous point 7 — [e with / > 0. Now, p(z) is the unique solution of

) C'Rr1e(2)p(2) = 04+(2), r = |lproj(t —le)|| mod s,

with

F@)Brie(2) = 27 Rr_1e(2), |
o’ = vect(] proj(T — le)|| + 5),
v = vect(s(a + B + 1) — llo’]),

ie, vl = gl + 1) +si, (le — e — Iy q41)-degp(z) < 0 (for < B), and the last
component of p(z) is equal to one (¥; = (0,0,...,1,...,0) with the one at position
7). Translating (8) into a linear algebra problem results in a set of g(I + 1) + s/ linear
homogeneous equations with (I 4+ 1) + s/ + 1 unknowns. Scaling the last component
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to be one, gives us the unique p(z) which, together with (7), leads to the final solution of
the block Hankel problem. In the case where the block Hankel matrix H is singular, the
solution space of (6) and (8) will have dimension greater than one. From the basis vectors
with the last component scaled to be one, all solutions of the block Hankel problem can
be expressed using (7).

We could also solve the block Hankel system by using the inversion formula of
Gohberg and Shalom [11]. -The entities needed in this inversion formula can be
immediately extracted from the 7-reduced basis matrix for §7, given F(z) with

F(z) = [H_l +zH@Z) - IS] , with H_; and H, g arbitrary,
T=(f + De,
o =(a+B+3)e.

Hence, we can use our algorithm to compute this basis matrix, going from one per-
fect point to the next. Note that the last point will be perfect if the block Hankel
matrix is nonsingular. In [15], Labahn also gives an algorithm jumping from one perfect
point to another. However, he only takes into account the perfect points 7 such that
o = vect(||T|| + s) has equal components. This means that the number of interpolation
conditions that are added in each step is at least equal to the common muttiple of s and g
multiplied by (1 4 s5/4), while our algorithm adds at least s + g interpolation conditions.
Take, for example, s = 5 and ¢ = 7. The method of Labahn uses a jump size of at
least 35(1 + 3/5) = 56, while our algorithm uses a jump size of at least 12. Hence, if
there are intermediate perfect points between the perfect points found by the algorithm
of Labahn, our algorithm will be more efficient. When the blocks are square, this differ-
ence disappears. We refer the interested reader to [16] where the inversion components
of block Hankel-like matrices are computed.

9. Conclusion

In this paper, we have constructed an algorithm going from one perfect point to another
on a diagonal path in a vector Padé-Hermite table. We have indicated that a slightly
modified version of the algorithm can also be used to compute basis matrices for “well-
conditioned” perfect points or to compute the solution of a block Hankel system of
equations.
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Appendix A. Proof of Theorem 16

When F(0) has full rank, we have the following result for the constant coefficient of
a basis matrix B2 (7).

Theorem 22. Given F(z) € F[[z]]**"™ with s < m. Take any basis matrix B°(z) for
the submodule S given by Definition 1. If the columns i1,i2, . . . ,is of F(0) are linearly
independent, then the (m — s) x m matrix D B? (0) obtained by deleting rows i, iz, .. . ,i;
in B°(0) has Jull rank. The matrix D is obtained by deleting rows i1,ia, ... ,is in the
m x m identity matrix. Moreover,
R(0)
[ DB°(0) ]

is nonsingular where R(z) = 7 ° F(z)B(2), i.e., the residual series of B? (z). Hence,
R(0) and DB?Z(0) have full rank. Also, degdet B°(z) = {loll, ie., all interpolation
conditions are linearly independent.
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Proof. Consider the following equality:
F@) | po,n_ | 27R@)
con _[F@T'[ 7R
ro=|9] o)

det B (z) =0_(z'1),

v -1
det [F (Z)] =0.(2Y,

or

Because

D
27R@) | _ 5 el
det [ R (Z)] =0, (),
we see that det B°(z) = cz!“!, with 0 # ¢ € F, and that
R(0)
DB(®)

is nonsingular. Hence, DB(0) and R(0) have full rank, i.e., the rank is, respectively,
m — s and s. |

The proof of Theorem 16 can now be given.

Proof. The polynomial matrix B?(z) € F[z]™*™ is a 7-reduced basis matrix for S7,
given F(z), iff

1. F(z)B°(z) = z°R(2), with R(2) € F[{z][’*",
2. degdet B7(z) = |ioll,
3. B7(2) = 2" B (2)z, with BY (z) = O_(z") and degdet Bf (z) = 0.
<« The polynomial matrix B¥(z) is a (—a)-reduced basis matrix for S¥, given R(z), iff
a. R(z)BY(z) = z¥R'(z), with R'(z) € F[[z]}**™,
b. degdet B¥(z) = ||v|,
¢. B¥(z) =z7°By (2)zP, with By (z) = O_ (z%) and deg det By (z) =0.
Then the polynomial matrix B°*"(z) = B (z)BY(z) is a 7-reduced basis matrix for
87, given F(2), because

a. F(2)B°(z) = F(2)(B(2)B"(2)) = 2" R(2) B¥(2) = 2" R'(2),

b. degdet B7(z) = flo|| + |jvil = lo + v,

c. Bo*(z) = (Z"Bf(2)z*)(z *BY(2)z%) = z"B{™(2)7%, with BI*’(z) =
B7 (2) By (z) = O_(z°) and degdet BY ' (z) = 0.

= In a similar way as for the “if” part, one can show that BY(z) = (B°(2))~'B%t¥(z)
satisfies all the conditions to be a (—a)-reduced basis matrix for S¥, given R(z),
except that it is a polynomial matrix. With the notation of the previous theorem, we
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have the following equality

“R(2) v | “R@)
[DB”(Z):I B = [DB”"(Z)]’

or
ver | R T #R@
Fe ‘[ DB“(:)] [DBW(@]
=0,%0.("
=0.(2").
Hence, B¥(z) is polynomial. ]

Appendix B. Proof of Theorem 19

Proof. Let us first prove the last statement in Theorem 19, 1e., that 7; = 7;, j =
1,2,...,s. Suppose there is some k, 1 < k < s such that 77;, % ... Note that this is only
possible when 0 = 713 > 7. Hence, B,(0) has the following form:

00}**** ~—k

@ B,(0) =

O(m—s)xs Im-—s

We now prove that all -entries are zero. Suppose the (k, j)-entry,0 <k <s < j <m,
of B,(Q) is different from zero. Because F(0)B,(0) = 0, we could switch columns &
and j of F(2), keeping F; (0) nonsingular. Hence, 7; < © < 0 (3, ; is maximal)
or the j-th row of B,(z) contains only terms of degree 0. Therefore, by expanding the
determinant of B,(z) along row j, we see that it is equal to the determinant of a square
matrix of size m — 1, which hes the same form as {9). Hence, by induction on the
dimension of these matrices, one can prove that, if 0 = 7, > 7 with 1 <k < s, then
det B,(z) = 0. This contradicts the fact that B, (z) is a basis matrix. Hence ; = 1;, for
alj=1,2,...,s.

To prove the remainder of the theorem, we assume without loss of generality that
O0=mn >15,j=s+1,...,5 +k and n; = 7; for other j values. Hence, the
m-reduced basis matrix B,(z) can be written as

* * ¥
Br@)=2"| g | o |2 =2"Bral”,
* | x %

with degdet By 4(z) = 0 and B, ;(z) = O_(z°% (componentwise). Therefore, B-(z)
can also be written as a 7-reduced basis matrix,

BT(Z) :ZT[ZW_TBT,h (Z)ZT—W]ZW—T%—EN
ZZTB;-’h(Z)ZefFW—T,

where, from the structure of B, ,(z), it also follows that degdet B, ,(z) = 0 and
Bl ,(2) = O_(z°). This proves the theorem. |
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Appendix C. Proof of Theorem 20

Proof. Similar to the first part of the proof of Theorem 17, we can show that 7+ ke is
a perfect point for F(z) iff § = (ke — ¢; — (7w — 1)) is a perfect point for the permuted
residual series RZ(z).

Let us assume that Bs(RZ; z) is the canonical §-reduced basis matrix for the perfect
point & in the vector Padé-Hermite table for RS (z). The é-column degrees of the columns
of Bs(RS; z) for a perfect point 6 are given as e; + proj(6) — 6 which is equal to
e; + (m' — 7 — ke) as we shall now show.

There are two possibilities for each component of 7 and 7.

L= 7; > 0. Hence

(proj(8) — 6); = proj(ke — e;); — (ke — ¢;);

=0 _
=proj(T + ke); — (T + ke);
=7 — (T + ke);;

2. 1; <m =0(s+1<i < m). Therefore,
(proj(8) — 6); = proj(r + ke); — (T + ke);
=7, — (T + ke);.
Hence, we have shown that |
(10) proj(6) — 6 =« — (7 + ke).

In the sequel, we prove that if Bs(R{; z) is connected to the perfect point & for RS(z), the
polynomial matrix B, (F; z)Bs(RS; z) is a (7 + ke)-reduced basis matrix connected to
the perfect point (7+ke) for F(z). First, we show that the correct number of interpolation
conditions is satisfied, i.e., we have to show that

7' +5 = (Il + 5) + (|l proj(8) | + ).
Using (10), we get
(=l + s) + (l proj(&) | + ) =(liwll + 5) + (6]l + =’} — || + kel| + 5)
=(llwll + ) + [l —ell — =l + |7+ kel))
+ |7 || = |7 + kel + s] (def. of &)
=7l +s.

In the remaining part of the proof, we show that B (F; z) Bs(RS; z) is (T + ke)-reduced
with (7 + ke)-column degrees e; + ' — (7 + ke). Because B,(F; z) is T-reduced
with 7-column degrees e, + 7 — T, and Bs(RS; z) is §-reduced with 8-column degrees
e, + 7' — (7 + ke), we can write

B-(F; 2) Bs(R7; 2) =(2" Br i (F; )2+ ) (@4 ™ By (R 2)2%H77774)

=77 B, 4 (F; 2) Bs p(RS; )25+ ~7ke,
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with deg det(B; ;(F; 2) Bs 4 (RS; 2)) = 0 and B, ;(F; 2) Bs p(RS; z) = O-(2°). Hence,
B (F; 2)Bs(RS; z) is (T +ke)-reduced with (7 + ke)-column degrees e; + 7’ — (7 +ke).
It is easy to see that if B.(F; z) and Bs(RS; z) are both the canonical basis matrices
in the sense of Theorem 19, their product is also the canonical basis matrix. This proves
the “if” part of the theorem. _
The “only if” part is proved similarly. ]
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