THE EXISTENCE AND CONSTRUCTION OF RATIONAL
GAUSS-TYPE QUADRATURE RULES*
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Abstract. Consider a hermitian positive-definite linear functional §, and assume we have m
distinct nodes fixed in advance anywhere on the real line. In this paper we then study the existence
and construction of nth rational Gauss-Radau (m = 1) and Gauss-Lobatto (m = 2) quadrature
formulas that approximate §{f}. These are quadrature formulas with n positive weights and with
the n—m remaining nodes real and distinct, so that the quadrature is exact in a (2n—m)-dimensional
space of rational functions.
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1. Introduction. The central object of study in this paper is the numerical
approximation of a hermitian positive-definite functional § by means of an n-point
positive interpolatory quadrature rule with real distinct nodes {x}}_, and positive
weights { A, }7_;:

S~ S (an).
k=1

When taking as nodes the zeros of an nth orthogonal polynomial (OP) (where orthog-
onality is with respect to the inner product defined by (f,¢) = §{f(z) - g(T)}), we
obtain the nth Gaussian quadrature rule, which has a maximal polynomial domain of
validity; i.e., the approximation is exact for every polynomial of degree less than or
equal to 2n — 1. Clearly, the existence of the nth Gaussian quadrature rule depends
on whether an nth OP exists. If one or two nodes in the quadrature formula are fixed
in advance, and the remaining nodes are chosen to obtain exactness for at least every
polynomial of degree less than or equal to 2n — 2 or 2n — 3 respectively, we get more
general nth Gauss-type quadrature rules. In this case, the nodes are zeros of an nth
quasi-orthogonal polynomial, and the existence depends on the fixed node(s) as well
(i.e., for certain choices, one of the remaining nodes may lie at infinity and/or some
of the corresponding weights may be non-positive).

When f has singularities, it is often more appropriate to not consider a maximal
polynomial domain of validity, but rather consider more general spaces of rational
functions. In such a case the OPs are replaced by orthogonal rational functions
(ORFs) with preassigned poles (to simulate the singularities of f).

ORFs were first introduced by Dzrbasian in the 1960s. Most of his papers ap-
peared in Russian literature, but an accessible survey in English can be found in [9, 13].
These ORFs are a generalization of OPs in such a way that they are of increasing
degree with a given sequence of poles, and the OPs result if all the poles are at infinity.
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So, when taking as nodes the zeros of an nth ORF instead, we obtain the nth
rational Gaussian quadrature rule; see e.g. [1, Chapt. 11.6] and [2, 7, 8, 10, 11, 12,
14, 15, 17, 18, 19, 20]. Here we can also consider more general rational Gauss-type
quadrature rules obtained by fixing one or two nodes in the quadrature rule. However,
the existence of these quadrature rules now also depends on the sequence of poles.

The aim of this paper is to investigate the existence and construction of rational
Gauss-type quadrature rules. The outline is as follows. After giving the necessary
theoretical background in Section 2, in Section 3 we discuss the connection of positive
rational interpolatory quadrature formulas with certain kinds of quasi-orthogonal ra-
tional functions. Next, in Section 4 we use this connection to study the existence and
construction of rational Gauss-type quadrature formulas for a given (set of) node(s)
fixed in advance. Finally, some illustrative numerical examples are given in Section 5.

2. Preliminaries. The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {co}. For the real line we use the symbol R and for the
extended real line R = R U {oo}. Further, the positive half line will be represented
by Rt = {z € R: 2 > 0}. Whenever the value zero is omitted in a set X C C, this
will be represented by X. Similarly, the complement of a set Y C C with respect to
a set X C C will be given by Xy;ie, Xy ={t€ X :t¢ Y}

Let a € C, then Re{a} refers to the real part of a, while Zm{a} refers to the
imaginary part, and the imaginary unit will be denoted by i. For a # 0 we will also
use the short notation T{a}, defined by

Im{a}

T{a} = -Im{l/a} = { 0 la]?

3

a € Cy

a =00 .

For any complex function f, we define the involution operation or super-c con-
jugate by f¢(z) = f(Z). With Py we denote the space of polynomials of degree less
than or equal to k, while P represents the space of all polynomials. Further, we will
use the short notation [f(z)]y=s to denote lim,_., f(z).

Let a sequence of poles A = {ai,aq,...} C Cy be fixed, where the poles are
arbitrary complex or infinite; hence, they do not have to appear in pairs of complex
conjugates. The rational functions we then deal with, are of the form

ck:vk + ck_lxkfl + -4 coxo

(1—z/a)(1 —z/az) (1 —z/ay)’

Note that, whenever a; = oo for every j > 1, the “rational functions” fi(z) in (2.1) are
in fact polynomials of degree k. Thus the polynomial case is automatically accounted
for.

fe(z) = k=1,2,.... (2.1)

Define the factors
T

Zk(.’[]) = Zak(.’l/'): m, k:1,2, s (22)
and the basis functions
bo(x) =1, br(x) = bg—1(x)Zk(x), k=1,2,.... (2.3)

These basis functions generate the nested spaces of rational functions with poles in
A defined by

L1={0}, Lo=C, Lp:=L{o,...,ar}=span{by,...,bx}, k=1,2,....
2



With £ we then denote the closed linear span of all {b;}32 . Let

1—3:/04] k=1,2,...,

mo(z) =1

H':j»

then for £ > 0 we may write equlvalently

k
x
b = d E = : .
k() oy And L {pw/m P € P}
In the remainder we will also use the short notation EE:‘] = L{aq,...,ak_1,a} (ie.,

the space of rational functions with the same dimension as Ly, but with the last pole
o, replaced by the pole a) and Ly (o) := {f = £ € Ly : pp(a) = 0} = g—zﬁk,l.

Note that £ and £ are rational generalizations of P; and P. Indeed, if a; = 0o
for every j > 1, the expression in (2.2) becomes Zi(x) = x and the expression in (2.3)
becomes by, (z) = z*.

With the definition of the super-c conjugate we introduce L£§ = {f°: f € Li}.
Further, with Ry ; and S = S{au, ..., ar} we denote the space of rational functions
defined by Ry ; = Ly - LS = {f - 9°: f € Lr and g € L;} and S = Ly + L], :=
{f+9g°: f€Lyand g€ L} respectively.

Consider an inner product defined by a linear functional §:

(f.9)5 =8{f9°}, f9€L,

where the linear functional § is assumed to be hermitian positive-definite (HPD); i.e.,

S{fgy =3{fegy and  F{ff} >0for f#0.

Orthogonalizing the basis functions {bg, b1, ...} with respect to this inner product, we
obtain a sequence of orthogonal rational functions (ORFs) {¢g, ¢1,...}, with ¢ €
L. \Ekfl, so that ¢p Lg Lr—1; i€,

1 .
<(J§k,¢j> |d|5kj, dkECO, k,]:O,l,...,

where dj, ; is the Kronecker Delta. In the special case in which ¢k (z) = digr(z), so

that
lerllz :==/{er,or)g =1,

we say that ¢y, is an orthonormal rational function (nORF).

Put by convention av_1 = ap = oco. We then call a rational function fr =
i—i € Li \ Lr—1, with & > 0, exceptional (respectively degenerate) iff py(ag—1) = 0
(respectively pr(@r—1) = 0). A zero of px at co means that the degree of py is less
than k. Further, for k¥ > 1 we say that fj is singular iff py(a;) = 0 for at least one
j €40,...,k —2}. Finally, fi is called regular iff f; is not singular, not degenerate
and not exceptional. With these definitions we now introduce the following spaces of
rational functions:

L :={f €L\ Lr_1: f is not exceptional} ,
AL :={f € Ly \ L1_1 : f is not degenerate} ,
Ly, =Ly N YLy,
"Lr:={f €Ly \ Lr1: [ is regular}.
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In [18, Thm. 2.1.1] (and [1, Chapt. 11.1] for the special case of all real poles) the
following three-term recurrence relation has been proved for nORFs ¢ € L \ Lr—1.

THEOREM 2.1. Consider the nORFs p; € L;\ Lj—1, with j =k, k—1,k—2 and
k > 0. Then these nORFs satisfy a three-term recurrence relation of the form

Dy, Ck
=EZ 14+ —— - - k- 24
pr(x) = EpZi(x) H + Zkl(x)] Pr—1(x) Zi @ 2(90)} (2.4)
- Ek?/)k(x),
with | Ey| = |[¢x]57 € RS, Ck € Co and Dy € C iff i € Ly, and pp—1 € Ly_1. The
ingtial conditions are a_1 = o = 00, p_1(x) = 0, and |po(z)| = Hngl = |Ep|. In

the special case in which ¢p_1 € ¥Ly_1 and @p_o € Lp_y for k > 1, it holds that
(see [4, Thm. 3.3])

1= Dy/Z;_y(or-1)

Ck
Er

e Cy.

In this case the coefficient Dy, can be expressed in terms of inner products as follows

(see [4, Thm. 3.7 and Thm. 3.9]):

Ky j— Ly .
Dy =—7- K]w ]5 —— 0<j <k,
Ziatan) T Zi (e ) T Ok—1Ek—1
with
K..=— (7 _2, 5 +§_ G/I’ldL‘:F_ 7 1,04 7
k,j Zg_g(ak)< kPk—2 SDJ>§ k—2,7 k,j k 1< EPk—1 S0J>g

while for oy, ¢ R, the modulus of the coefficient Ej, can also be computed as follows:
T} | By

e (Im{Dk} - |Dk|25{ak—1}> ' ('E’f—1|2 — 4% g1} Z{ak_2}) + E{ak#}'

In the opposite direction as in Theorem 2.1, the following Favard-type theorem
has been proved in [3].
THEOREM 2.2. Let {x1}2, be a sequence of rational functions in L, and assume
that the following conditions are satisfied:
(A1) a1 =ag=o00 and oy, € Co, k=1,2,...;
(A2) xi is generated by the three-term recurrence relation (2.4) ;
(Ag) Xk Eﬁk\ﬁkfl, k=0,1,2,..., and x-1 =0
(A4) D,eCand E, € Co, k=1,2,...;
(45)

‘I{ak} _ E{Ozk_g}

Im{Dk} =
Jo N o

if ap_1 € Ry, respectively

2 |Beal? A

Re{Di}? + {Im{Dy} — iZy—1(@r-1)}’ = — {Zs_1(@r-1)} Eo? Ar

if 1 ¢ R, where Ay, = |E]? — 4%{on} - T{ow_1} > 0, k = 1,2,..., with
FEy € (Co,'



1-Dy/Z5 Qg
(A6) C = =2l e ¢y p=1,2,.

—1

Then there exists a HPD linear functional  on L - L so that

(f19)e = &1f9°}

defines an inner product on L for which the xi form an orthonormal system.
The above three-term recurrence relation can also be written as follows:

a[sa] .
T {%ﬁkl(ﬂf) %sﬁkz(@} =a), (1 - ) Pr—2()

Zg_o(o—2 Qp—2

+ 07 (1 -

x
) vr—1(x) + cEfjl (1 — a—k> or(x), 0<k<n,

Q-1

where

b[%"]
bgf—]l =Dy, Cﬁl = Ek_l , and agf—]l =Cp = {1 + m}fﬁg . (2.5)

Let I,, denote the n by n identity matrix, and define the matrices

Bl 0 L0
a[lw] b[lsa] c[lsa]
Jn: O O 7Dn:diag(a0_17a1_17"'7a;11) ’
a£ﬁ2 b£ﬁ2 Cgf] 2
0 0 G/E;Pll b[‘P] 1
0 0
al¥!
1
Z§(ao)
S, = 0 |, and B,=J,D,+1,-S,,
a[vi]'l
0 ... 0 75 () 0

and column vectors
Gn(@) = (polx) @1(z) ... @n1(2) )T and &, =(0 ... 0 1 )TE(C".

Assuming the nORFs ¢ € %Ly, for k =0,...,n — 1, and ¢,, € °L,,, we obtain that
J@n(@) = 2B, Gy (z) — 9, <1 - i) on(2)E,. (2.6)

The following theorem has then be proved in [16, Sec. 4].

THEOREM 2.3. Suppose the nORFs o, € %Ly, for k = 0,...,n — 1. Then the
2eros Tnj, j = 1,...,n, of a nORF ¢, (x) € °L,, are eigenvalues of the generalized
eigenvalue problem (GEP)

J"U",j = xn,jBnﬁn,ja (2.7)
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with

n—1 -1/2
— 2 -
Un,j = Nn {Z ok (@) } Gn(@n),  Innl =1,

k=0

the corresponding normalized eigenvector.
In the remainder of this paper we will assume that the sequence of nORF's {1 }7_,
exists and that ¢ € %Ly, for k=0,...,n.!

3. Positive rational interpolatory quadrature rules. Consider the set of n
nodes {xik}gzl C Ry, , where A, = {ax}}_, and ng + :Z:E)j if k # j, and weights
{)\n,k}zzl C R(J{ . We then call a quadrature formula of the form

Fulft =D A5 f@d ), (3.1)
k=1

an nth positive rational interpolatory quadrature formula (abbreviated PRIQ) iff
R {f} =F{f}-Fn{f} =0forevery f € R, 1;= En_l-ﬁg, where Lo C Ej - Eﬁ’f{.
If R, ; is the largest space for which R, {f} = 0, then it is called the domain of
validity. Clearly, a necessary (but not sufficient) condition for the existence of a PRIQ

isthat R, ;=R | 5 i.e., for every function f in the domain of validity it should

hold that f€ is in the domain of validity too.?

With ‘(n+i—1: n—i—m, A,, §)-PRIQ’, wherei € {0,1} and m € {1—4,...,n—i},
we denote an nth PRIQ for which the space Ry+i—1,n—i—m is contained in the domain
of validity (i.e., the quadrature is exact for at least every f € Rpti—1.n—i—m). 1o
study (n+i—1:n—1i—m,A,,§)-PRIQs we will need the so-called quasi-orthogonal
rational functions (qORFs), which are defined as follows.

DEFINITION 3.1. Let 0 < m < n. We then call a rational function Qn g,,,, € Ln
an m-qORF of the first kind iff Qn a,.,, is of the form

m
. T
Qn,dpr (T) = E ajpn—j(x), dmy1= (a0 ... am ) e CmtL,
=0

DEFINITION 3.2. Let 0 <m < n. We then call a rational function P, e L,

an m-qORF of the second kind iff P, is of the form

Zn ()

m . . T .
Poa,. (x) = aocpn(x)—f—z ajm%’n—j(ﬂc)? Am+1 = ( ag ... Gm ) c ¢cmtl,
n—j

Am41

d7n+1

Jj=1

From the previous definitions it clearly follows that @, ., 1§ £n—(m+1) and
that

En—lu m =0
Prgoir Lg 8 Loom(@) = Z"Z:CLm Lo (my1), 0<m<n
Lo(a,) =L, m=n.

11t is easily proved by induction over k = 1,...,n, with the aid of (2.5)—(2.6) and Theorem 2.1,
d _ i Lgle) e\ [Plyn—1 1
that ¢y € 9Ly for k=0, ..., n iff {akﬁl,clg’ }k:O C Co, {}#1}721 € € and det {a—ka - Bk} £0

for k=1,...,n.
21f this condition is not satisfied, the weights cannot be all real; see [5, Sect. 2].

6



Conversely, for every 7, € L, and every m € {0,...,n} it holds that 7, Lg L, _ (1)
iff 7, is an m-qORF of the first kind. Further, assume that there exists a rational

function <p£," m] eﬁ?"’m} so that w?””"] 1lg L£,—1 and H<p£,a"”"]’ N = 1. Then
it holds that r, Lg Lp_m(ay) iff 7, is an m-qORF of the second kind. The first

statement is trivial. To prove the second statement, we first need the following lemma.
LEMMA 3.3. Let 1 <m < n. Then for every sequence of constants {aj};-”zl cC

there exists a sequence of constants {bj};-”;gl C C so that

m+1

2) > ajon—j(x) = bopn () + Z bjme— = ZC Pn—j(@).
j=1

Proof. For m =1 it follows from Theorem 2.1 that

N— =7, 14+ —— n— —Cp—— n— )
Gon@) = Z0(0) [ 520 s () = o (o)
where it holds that
D, D,
1+ ——~=F, 10y + .
Zn-1(x) Zy ()
Consequently, the statement follows for m = 1 by taking by = m eC, b =
- 1C € C and bQ = =
So suppose now that the statement holds true for 1 < m —1 < n. For m we then
have that

Zaawn J Z aPn—j (@) + amZn (@) Pn—m(z) =

bown (2) + Z bj&iniia(jﬂ)c)‘%’"j(x) + amZn (%) Pn—m ().

From Theorem 2.1 it now follows that

1 Zn(x)
Enf(mfl) an(mfl)

Dn(ml):|
Zn x |:1 + Pn—m\T) — Cn m— c
( ) Zn—m(x) ( ) ( D Zn (m+1)

(,CC) Pn—(m—1) (.I) =

Zn(il?)( )San(erl)(iU),

where it holds that

an(mfl) El Dn*(mfl)
N En—anf m— e N
Znn®) " @)
1 1 1

and = — .
Zn—(m-1)(T) Zflf(mq)(x) chzf(mfl)(an*(mfl))

1+

As a result we find that
m—+1

onZul@on-n(@) = S di i 0) 4 en Zal)nno ),
j=m—1 n—j

7



. Dy i1
with dp—1 = e €C, dy = —z"—mD_ € C, dp1 =
m—1 E,_ (77171)En7mcn—(7n71) ’ m Enfmcnf(nlfl) ’ mtl

€ Cand e, = — — dm € C. Finally, from
En m m Enem-1)En-mCrnm-125_(,,_1y(@n_(m-1)) o

the induction hypothesis it follows that there exist constants {¢;}72, C C so that

Z0()en-n-1() = a0 + 3 657 (o)

This ends the proof. O
We are now able to prove the following.
THEOREM 3.4. Let 1 < m < n, and suppose 1, € Ly,. Further, assume that

Sohanfm] c eﬁ’[n’anfm] : 80?717771] J—S E _ SD’[n’anfnl]

It (3.2)

Then it then holds that v, Lg Ly (an) iff T is an m-qORF of the second kind.

Proof. From the definition of an m-qORF of the second kind it is clear that
rn Ly Lo_m(@y) if r, is an m-qORF of the second kind. So, we only need to prove
that r, is an m-qORF of the second kind if r, Lg Ly ().

The case in which m =1 has already been proved in [6, Thm. 5] under the less
restrictive condition that ga[a" 1l e Ea" ! \ Ln—1. Thus, suppose that 1 < m < n.
Since 1, Lg Lyn—m (@), it follows that Zn_ —5rn € Ln [@n—m] and Zn- —5 T L3 Ly (ms1)-
Consider now the nORF gp[a" ml g eplin- ’"] . Then there exist constants {b;}7, C C
so that

Z7Cz m(I) [an— %
AT 7o () = bogy, "~ () + Zba‘sﬁnﬂ'(iﬂ)
and hence,
Zn(z) & = Zn(z)
rn(x) = b p (pglanfm] T + bci(pn— ) =
Zn(x) [an 771 —
T Ty L e

J:1

From the previous lemma it now follows that there exist constants {cj }7o € Cso
that

Zn(z) (5
ro(z) = bom@l n=ml (1) + copn () + Zc] Zc gon_j(:v).
Thus, it remains to prove that - <p£1°‘" ] is an m-qORF of the second kind. Since

<p£l°‘" m] eﬁna"”"], we deduce from Theorem 2.1 that

1 Zn(®) @
— - plfn—ml(z) =
Bl Z5 () (@)
[@n—m]
n = Zn(x)
Zn 1 P — _en—n] 20\ n
() +Zn—1($)‘|¢ (@) = Gy 22_2(:10)%0 2(2)
= & & Zn(z) Zn ()
B 1O 2, (&) pnr () + DIFn—m) 22\ () — Ol a(z
1 (x)on—1(x) 7 )" 1(z) 7 )" 2()



Finally, because Z,¢,—1 is a 2-qORF of the second kind due to the previous lemma,
it follows that ZCLQD&Q"’M] is an m-qORF of the second kind. This concludes the

proof. O

In everything that follows, we will assume that the nORF <p£,°‘"*m] in (3.2) exists.
The following two theorems now give the connection between m-qORFs and (n :
n—1-m,A,,§)-PRIQs, where i € {0,1} and m € {1 —4,...,n —i}.

THEOREM 3.5. Let 0 < m < n—1, and consider a (n:n—1—m,A,,§)-PRIQ
of the form (3.1). Then there exists an m-qORF of the first kind Qn a,,., € "Ln s0

that Qn,am+1(xg7k) =0fork=1,...,n, and
)\g,k = g{‘L'[n,QJ]c ’ k= 17 ) (33)

with LES,]C the fundamental interpolating rational functions defined by
(1 - x/an) ) Qn767n+1 (I)

(1- xi,k/an) (- xik)Q;LamH (xi,k)

where the prime denotes the derivative with respect to x.
Proof. (The proof is similar to the proof of [1, Thm. 11.6.1].) First, note that

LEIQ,]C (@n,5) = 0k,j, 1 < k,j < n. Consider now the auxiliary function

€L, 1, k=1,...,n,

ha) = f(z) = Y flean) - LI (). (3.4)

k=1

n

For f € Ry n—1—m, this can be written as

h(.I) _ p2n717m(17)

—1-m € Pon—1-m.
Wn(x)'ﬂ—fl_l_m(x)7 DP2n—1—m 2n—1—m

Since h(zp) = 0 for k = 1,...,n (interpolation property), and since the numerator
of Qu.a,,,, is a nonzero constant times the nodal polynomial ( — 1) -+ (x — Tn.n),
we can write

h(I) = Qn,ﬁm+1 (.I) : gc(I), g c Lnflfm-
From (3.4), together with (3.1) and (3.3), it now follows that

S{h} = S{Qn767n+l : gc} = ERn{f}

Finally, since the quadrature is exact for every f € Ry pn_1-m (i.e., R {f} = 0 for
every f € Rnn—1-m), it follows that Q, gz, ,, is an m-qORF of the first kind. This
ends the proof. O

THEOREM 3.6. Let 1 < m < n, and consider a (n —1: n —m, A,,§)-PRIQ of

the form (3.1). Then there exists an m-qORF of the second kind P, g, ., € "Ly s0
that Pn,d’m+1(335,k) =0 fork=1,...,n, and
AL =3, k=10, (3.5)
with Lgfl]c the fundamental interpolating rational functions defined by
1- n Pn a
L7 (z) = ( g/a ) i m/ﬂ(iﬂ) €L, k=1,
' (1 - xn,k/an) (‘T - xn,k)Pn,d'm+1 (xn,k)

9



where the prime denotes the derivative with respect to x.
Proof. (The proof is similar as above.) First, note that LLP,]C(an) = 0, 1 <
k,j < n. Consider the auxiliary function

h@) = f@) =3 flenr) - L (). (3.6)

k=1

n

For f € Ry—1,n—m, this can be written as

Pon—1—m (17)

h(z) = , —1-m € Pon—1-m.

( ) Wn—l(x) . szm(x) DPo2n—1—m 2n—1—m
Since h(zp) = 0 for kK = 1,...,n (interpolation property), and since the numerator
of P, ,., is a nonzero constant times the nodal polynomial (z — 2y1) - (Z — Tn.n),

we can write

h(.I) = Pn,5m+1 (I) : gc(x)v

where

2 = 2/@)pe o)
g( )_ 7C ((E) )

n—m

Pn—1-m € ,Pnflfm-

Hence, g € Ly—m(@y,). From (3.6), together with (3.1) and (3.5), it follows that
S{h} — S{Pn,t_imJA : gc} = ERn{f}

Finally, since the quadrature is exact for every f € Ry_1n—m (i.e., R {f} = 0 for
every f € Rn—1n—m), it follows that P, is an m-qORF of the second kind. This
ends the proof. O

1‘_im+1

4. Existence of rational Gauss-type quadrature rules. The rational Gaus-
sian quadrature rule is a special kind of PRIQ that has maximal domain of validity
Runn—1; hence, itisa (n+i—1:n—14—m,A,,§)-PRIQ with ¢ = 1 and m = 0.
It is well known that the rational Gaussian quadrature rule exists iff a,, € Ro and
on € "L,. Whenever it exists, it is unique, and the nodes can be computed by solv-
ing the GEP (2.7), while the corresponding weights can be found by means of the
corresponding eigenvectors as follows:

Ak = om0 (4.1)

where vy, 1 denotes the first entry in the normalized eigenvector ¥, .. See e.g. [6, Sect.
5].

From the previous two theorems we can deduce that m-qORFs, with 1 < m < n—i
and i € {0,1}, can be used to construct (n+4i—1:n—1i—m,A,,F)-PRIQs with m
nodes fixed in advance. Indeed, consider an nth PRIQ of the form

Salf) = Z /\gkf(‘rgk) + Z )‘g,k (xg,k)7 (4.2)
k=1

k=m+1

where the sequence of m distinct nodes &), = {ng wti, C Ry, are fixed in advance,
and the remaining nodes and corresponding weights are chosen such that the PRIQ is
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a(n+i—1:n—i—m,A,,§)-PRIQ. Then these remaining nodes and corresponding
weights can be found by means of the m-qORF @, z,,,, (for i = 1) or P, 5, ., (for
i = 0), with the coefficients @y,+1 chosen in such a way that the m-qORF has zeros
in X,,. Clearly, the existence of the (n+1i—1:n—1i—m, A,,§)-PRIQ (4.2) depends
on the sequence of poles A,,;—1 and the sequence of nodes X, (i.e., on whether the
zeros of the m-qORF are all distinct real, and the corresponding weights are positive,
for the given sequences A,,4;—1 and X,;,).

A special kind of PRIQs with nodes fixed in advance are the rational Gauss-
Radau (m = 1) and Gauss-Lobatto (m = 2) quadrature rules. The existence of
rational Gauss-Radau quadrature rules has been studied in [6, Sect. 5] for the case
of i = 0. In this reference it has been proved that, if P, z, € %L, there exist
HPD linear functionals &, for which {¢; ?;01 forms an orthonormal system in £, _1

with respect to the inner product (f,g), = &{fg°}, and poles a € Co, so that
%Pn,ag 1@ L,—1. For this reason, whenever a (n — 1 : n — 1, 4, F)-PRIQ exists,
it'is a (n:n—-1{a,...,an_1,a},&)-PRIQ (i.e., a rational Gaussian quadrature
rule) too. Consequently, its nodes can be computed by solving a modified GEP of
the form (2.7), with the coefficients al?! ; and bgﬁl that appear in the last row of

'[P and pI]

the matrices J, and Sy, replaced with a,, ", , | 1,2, (depending on the fixed
node; see [6, Sect. 3]), while the corresponding weights again can be found by means
of the corresponding eigenvectors.

The aim of this section now is to study the existence and construction of the
rational Gauss-Radau quadrature rules for ¢ = 1, and the rational Gauss-Lobatto
quadrature rules for ¢ = 0.

4.1. Rational Gauss-Radau quadrature rules for i = 1. Recall from Sec-
tion 3 that a necessary (but not sufficient) condition for the existence of a PRIQ is
that for every function f in the domain of validity it should hold that f¢ is in the
domain of validity too. Since a (n : n — 2, A,,F)-PRIQ should at least be exact
for every f € Ry n—2, it follows that it should also be exact for every f € Ry,_2,,
and hence, for every f € Rp—2 pn—2 - S{@n—1,a,}. This leaves us with the following
possible situations:

1. If {apn—1,an} C Cg, then

(a) for oy = @,—1 it follows that Rp_2n—2 - S{an—1,0n} = Rp—1,n-1
(=TRnn—2 ),sothat the (n: n—2, 4,,F)-PRIQisa (n—1:n—1,4,,§)-
PRIQ (i.e., a rational Gauss-Radau quadrature rule with ¢ = 0) too;

(b) for au, # @p_1 it follows that Ry_2pn—2 - S{an_1,an} = Ry n, so that
the (n:n—2,4,,%)-PRIQ does not exist.

2. If a,—1 € Cg and vy, € Ry, it follows that R,—2.n—2 - S{an_1,0n} = Run_1
(D Rpn—2 ), so that the (n:n—2,4,,5)-PRIQisa (n:n—1,4,,F)-PRIQ
(i.e., the rational Gaussian quadrature rule) too.

3. If a1 € Ry and a,, € Cg, it follows that R, 2,2 - S{an_1,,} =
Run—2 - L{@n} ( D Rpun—2 ), so that the (n : n — 2, 4,,5)-PRIQ is a (n :
n—1,{a1,...,n—2,0n,an_1},F)-PRIQ (i.e., the rational Gaussian quadra-
ture rule for the case in which the last two poles are interchanged) too.

4. If {an—1,0,} C Ry, then

(a) for ay, = ap_1 it follows that Ry_on—2 - S{an—1,0n} = Rp—1n-1
(=TRnn—2),s0that the (n: n—2, 4,,F)-PRIQisa (n—1:n—1, A,, §)-
PRIQ (i.e., a rational Gauss-Radau quadrature rule with ¢ = 0) too;

(b) for au, # ap—1 it follows that Ry—2 pn—2 - S{an—1,0n} = Ry n-2.
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For the first two situations (1. and 2.), the existence of the rational Gauss-Radau
quadrature rule (with ¢ = 1) can easily be verified by checking the existence of the
corresponding rational Gauss-Radau quadrature rule (with ¢ = 0) or rational Gaussian
quadrature rule for the given sequence of poles A,, and fixed node xil. Thus, in what
follows we can restrict ourselves to the case in which a,,_; € Ry and a, € @{07%71}.3
We then have the following lemma.

LEMMA 4.1. A 1-qORF of the first kind

Qn.a, () = appn () + arpn—1(z) € %L,

satisfies a relation of the form

Q] Q]
Qn.a, () = Er[LQ] Zn(z) 1+ L Knpn—1(x) — L‘Pn—ﬁx) )
’ Zn-1(z) Zy ()
where K, € Cy,
En + al/Zn(an—l) aOEnDn + a1
gl — 2o € Co, plel — 7
" K, 0 " aoBn + a1/ Zn(an_1)
Ko|? aoEn
clel = [Knl” a0 €Cy, and E9 =K,E, | €C,.

B [a0En + a1/Zn(ctn 1))

Proof. From Theorem 2.1 it follows that

Qn,a, (7) =
a0 EnZo() { [1 " ZD—@)] i (@) - mw()} T argni (@)
where ag # 0 due to Qpa, € Ln \ Ln—1. Setting
bn1(0) = F D na0) = Zn | o+ (o),

we obtain that

~ D, Ch
nﬁ :Zn ETL - 7 N n— SN n— bl
Qu () <x>{ +Zn_1(:c)]<p (@) - gt 2<x>}
where
E, = aoE, —I—L D, = aoE,D, +a; and C’*QOE"
n — G0Lvn Zn(an—l), n — WLnmltin 1 n_anl'

Further, for Qp g, = fr—’:l € deL,, we find with ¢, = i—i that

Qn(an—l) = Enan—lpn—l(an—l) 7é 07

3Because of the re-ordering of the last two poles in the rational Gaussian quadrature rule for the
case in which a,—1 € Rg and ay € Cgr, we will allow a,, to be arbitrary complex.
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so that E,, # 0. The relation now follows by setting E, = E,[ZQ] K, (for an arbitrary
K, €Cy), D, = DI¥E9 K, and €, = B¢l 0
As a consequence of the previous lemma and Theorem 2.2, we now can prove the

following.
LEMMA 4.2. Consider a 1-qORF of the first kind

Qn,{i2 (JJ) = GOQOn(fU) + al‘pn—l(fb) =

Let o € Cy be chosen in such a way that q,(a) # 0 and
Ha}t =k- (Im{a1E,/ao} + T{on})

for some k € RY. Then there exist HPD linear functionals &, for which {p; ?;02
forms an orthonormal system in L,_o and ©,_1 Le Ly_o with respect to the inner

product defined by (f ,9)e = &{fg°}, so that g—anﬁ2 € Al and g—an@ 1o Ln_1

iﬁXLQ] = ar()l—én (Oénl—l o %) € (—1,00).

Proof. Since a,_1 € Ry, it follows from assumptions (A4)-(A5) in Theorem 2.2
that for every K,, € Cy, there exist HPD linear functionals & so that Kopn—1 is a
nORF in 9¢L,,_; with respect to the inner product defined by (f,g)g = &{fg°}. So,

(@]

let ¢y, ' be given by

plol — Ex) Zola)
E,[ZQ] Zn ()

Qn,[ig (.I) =

(@] (@]
Dy, Cn
1 + ‘| Knspn—l(x) - <Pn—2($)} )

0 7 (2
B Z“”{ Zoa(@) Z: ()

where E) € Co. Then it holds that <p£la] satisfies assumptions (A1)—(A4) in Theo-
rem 2.2. From assumption (A6) it now follows that C? should be equal to (KnEn_1)"t.
From the previous lemma we deduce that this can only be for |Kn|2 =1+ X%Q}, which
implies that xng] should be in (—1,00). Finally, we have that

Im{Dn} +Im{afi;n} _ Im{aEn/ao} + T{on}  Fan-a}
T+ 2 MBS |59

‘I{CM} _ K{Ozn_g}
2
k(14 xh) | B ? B,

Im{D} =

where the second equality follows from assumption (A5) applied on D,,. Consequently,
assumption (A5) in Theorem 2.2 is satisfied too for every EX e ¢y if T{a} =0,
2
respectively for ’E,[?]’ = k(1 + D) B2 € RS if T{a} £0. 0
The previous lemma now allows us to prove our first main result.
THEOREM 4.3. Consider a quadrature formula of the form

Solf}= )‘E,lf(xg,l) + Z )‘E,kf(xg,k)v (4.3)
k=2
13



with fized node in a:g’l € Ry, . Further, suppose that the nodes {arg Kt Ry are zeros
of the 1-qORF of the first kind:

ndz (%) = aon () +a10n-1 (@), A”ﬁ—ﬂ—‘{ﬂ} (:AH : )
Q , 2(:1?) app (33) ar e 1(:17) n,1 a0 @n—l(iﬂ) pa n,1($n,1)
and let the corresponding weights be given by (3.3). Then (4.3) is a rational Gauss-
Radau quadrature rule with Rp{f} = F{f} — S{f} = 0 for (at least) every f €
Rnn—2 iff the following conditions are satisfied:
1. A% e C and AI®l # —E,Z,(an0);

2. xng] € (—1,00), where x%Q] is defined as before in Lemma 4.2;

3. Im{A9E,} = ~F{an)};
4.

AL)l #— [%} for every & € [(An—2U{o0}) NRya, 1.ant] -
n—1\T A

r=«

If a,, € Ry, then the third condition is automatically satisfied when the second con-
dition is satisfied. On the other hand, if o, ¢ R, then the first three conditions are
satisfied iff

1 1 1
Alel — ( - —> € Co.

n,1 - —
En Qp—1 Qp

Proof. First, note that Q. a, € deg iff the first condition is satisfied. Next, from
Lemma 4.2 it follows that there exist poles a € Cy, constants {kn-1,kn} C Co, and
HPD linear functionals & so that the sequence of rational functions {¢y, ..., @n_2,
En_10n_1, kng—an@z}, with g—an@z € 42l forms an orthonormal system in £
with respect to the inner product defined by (f,g)s = &{fg°} iff the second con-
dition is satisfied. The third condition then follows from the expression for T{a} in
Lemma 4.2 and the fact that the nodes of an (n)ORF are all real and distinct iff the
last pole is in Ry (i.e, iff T{a} = 0). Finally, we have that Q,.a, € "L, iff the last
condition is satisfied too.

Thus, the conditions given in the statement ensure the existence of the rational
Gaussian quadrature formula

G, {f} = Z /\S,kf(xf,k)a
k=1

where 2, = xgyk fork=1,...,n,and (&{f} — &, {f}) =0forevery f € ! L8
Furthermore, because

&{f} =F{f} forevery f € Ry_1n-2,
it follows that
§{f} =&, {f} forevery f € Rp_1n-22 Ly_1. (4.4)
Due to the uniqueness of a (n — 1,0, 4, §)-PRIQ with n fixed nodes, it follows that

T _\® + _
AL =28 Ry, k=1,....n.
14



Moreover, from the proof of Theorem 3.5 we deduce that the equality in (4.4) holds
for every f € Ry n—2 due to the fact that the nodes are zeros of a 1-qORF of the first
kind.

Suppose now that a,, € Rg. From the second condition it then follows that

Tm{x19} = 0 Tm{a By /ao} —— (L _ L) _

B> \an-1
Since we assumed that o, # «;,_1, this implies that
Im{a1E,/a} = 0= —F{a,}.
On the other hand, for v, ¢ R, it follows from the second and third condition that
{ Im{a1En/ao} (1/an—1 — Re{l/an}) — Re{arEn/ao}Im{l/an} =0
Im{a1En/ao} =Im{l/a,} #0

{ Zm{algn/ao} (l/ozn,l —Re{l/a,} — ’Re{alfn/ao}) =0
Im{a1E,/ao} =Im{l/a,} #0

Re{alf_n/ao} =1/an_1 — Re{l/an} - wmE, 1 1
Im{a1En/ao} =Im{l/a,} #0 a  Qp_1  Qp
[@)
As a result, xng] = % = |E’,,Zn(o<n_1)|_2 IS Rar.

Finally, suppose (4.3) is a rational Gauss-Radau quadrature with 2, {f} = 0 for
(at least) every f € Ry n—2, while the second condition is not satisfied. We then have
that

2 n 2
/\5,1 Sﬁnfl(xrgz,l)‘ + Z/\E,k <Pn71(517§)k)’ = |kn71|72 > 0.
k=2

Consider now a rational function @?”*1] € def, . defined by

plon—1l(z) =

fan—1] D !
ERr-UZ, 1 (zx 1+ =—— | kp10n_1(x) — —— n_o(x) ¢,
1(z) 7o 1) 1¢n-1(2) kn_1En_1Z§,2(w)<p 2(7)

where Ef*"'! € Cy and Im{DLan*l]} = —%. From Theorem 2.2 it then
follows that there exist HPD linear functionals & so that the sequence of rational
functions {¢o, ..., Yn—2, kn—10n—1, <p£?"*”} forms an orthonormal system in LL“"*”

with respect to the inner product defined by (f , g9)g = &{fg°}. Moreover, the quadra-
ture rule (4.3) is then a (n —1,n — 1,{a1,...,@n-1,0n-1}, @)—PRIQ. Since assump-
tion (3.2) is satisfied, it follows from Theorem 3.6 that the nodes {z5 ,}7_, are zeros
of a 1-qORF of the second kind of the form 7

Qpy— Z"—l(x) [l e 7o
P, () = bol () + blm@n—l(iﬂ) e clonl,

n—1

with Zf:(jl)Pn,Bz (x) = Qn.a,(x). In [6, Thm. 7] it has been proved then that there

exists poles & € Ry so that for every k, € Cy, the sequence of rational functions
15



{00,y Vn—2,kn-10n-1, anZ—fan 52} forms an orthonormal system in Lgld] with re-

spect to inner products defined by certain HPD linear functionals & on £ - £¢. But
this is in contradiction with Lemma 4.2 and our assumption that the second condition
is not satisfied. This concludes the proof. O

4.2. Rational Gauss-Lobatto quadrature rules for : = 0. In a similar way
as above, we can now study the existence of rational Gauss-Lobatto quadrature rules
for i = 0. Since a (n —1 : n — 2, A4,,%)-PRIQ should at least be exact for every
f € Rp—1n—2, it follows that it should also be exact for every f € Rp_2.,—1, and
hence, for every f € Rp_2n—2-S{an—1}. This leaves us with the following possible
situations:

1. If ayyy ¢ R, it follows that Rn_g)n_g : S{an_l} = Rn—l,n—l ( D) Rn,n—2 ),
so that the (n—1:n—-2,4,,%)-PRIQisa (n—1:n—1,A4,,%)-PRIQ (ie.,
a rational Gauss-Radau quadrature rule with i = 0) too.
2. lf oy € Eo, it follows that Rn,Qm,Q . S{Oznfl} = Rnfl,n72-
For the first situation, the existence of the rational Gauss-Lobatto quadrature rule
(with ¢ = 0) can easily be verified by checking the existence of the corresponding
rational Gauss-Radau quadrature rule (with ¢ = 0) for the given sequence of poles A,
and fixed nodes &> = {xil, x§2} Thus, in what follows we can restrict ourselves to

the case in which a,,_1 € Ry. We then have the following lemma.
LEMMA 4.4. A 2-qORF of the second kind

Py, (z) = aopn(z) + ay %%-1(:@ + az%cpn_g(x) e e,

with a1 € Ry (hence, Z¢_,(x) = Z,,_1(x)), satisfies a relation of the form

P a, (55) = E7[1P] Zn(x) {

[P]
7] Knpn1(z) — %M%_Q@)} . (45)

where K, € Cy,

EIF = GE(E" €Co, DM =Dyp+—1
n aoLim
K,|? E,_
olFl — I_[P]l (1 _ %) €C, and BY = K.E,_, €Cy.
0Ln
n—1

Proof. (The proof is similar to the proof of Lemma 4.1.) From Theorem 2.1 it
follows that

D, 1
Pn('i = EnZn 1+ ———= n— - = ¥n- +
(@) = 0o (x){ 7] P Bz w2 }
Zn(x) Zn(x)
al—=————0p_1(2) + as—=—""—pn_2(x) =
a2 g Gy o)
Zn(x)§ [ En + Do on1(x) Cn Pn—2()
n n n—1 c n—2 )
Zn-1(x) Zy_o()
where
~ ~ ~ aoEn
E, =aF,, D,=akFE,D,+a and Cn:F —as.
n—1
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Further, for P, z, = I* € deg, we find with ¢y = i—i that

qn(o‘nfl) = Enanflpnfl(anfl) 7£ Oa

so that E,, # 0. The relation now follows by setting E, = E,[lP] K,, (for an arbitrary
K, € Cy), D, = DF'EP K, and ¢, = EF'cF). 0
As a consequence of the previous lemma and Theorem 2.2, we now can prove the

following.
LEMMA 4.5. Consider a 2-qORF of the second kind

%%—1 (z) + a2 %%—2(%) =

Py .a,(x) = aopn(x) + a1

Let o € Cy be chosen in such a way that q,(a) # 0 and

T{a} = k- (Im { ‘”f" } +Flan} - Re { ajgnl } z{an_Q})

for some k € Rar. Then there exist HPD linear functionals &, for which {¢; ;‘;02
forms an orthonormal system in L,_o and ©,_1 Le Ly—_o with respect to the inner

product defined by (f ,9)s = &{fg°}, so that %Pnﬁs € degl™ and %PW% 1o Ln_1

iff i = —azafg: € (—o0,1).

Proof. (The proof is similar to the proof of Lemma 4.2.) Since a,_1 € Ry, it
follows from assumptions (A4)-(A5) in Theorem 2.2 that for every K,, € Co, there
exist HPD linear functionals & so that K,,¢,_1 is a nORF in deg .1 with respect to

the inner product defined by (f,g)g = &{fg°}. So, let ch] be given by

B Za(2)
[a] _ " =
Pn E[P] 7 (:v) s (2)

ElZ,(z) {

Dl

ol
1+ m] Knpn—1(z) — m%zz(x)} )

where E) € Co. Then it holds that <p£§"] satisfies assumptions (A1)—(A4) in Theo-
rem 2.2. From assumption (A6) it now follows that i) should be equal to(KpEn_1)~!
From the previous lemma we deduce that this can only be for |Kn| =1- X[P] which

implies that XLP] should be in (—o0, 1). Finally, we have that

} _Im{ a } L Han)  Fano}

aoEn |En|2 |En—1|2

Im{D1} = Im{D,} +Im {OE

alE
Im{ }+${an} o Sona}  FHom}
|En|2 B ]Eifilf

n

Tim {48} 4 T{an} - | £ M50, ) CFHawsl  Fo}  Faws)
B ’En_lf kB ‘E,[j’_]lf

)
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where the second equality follows from assumption (A5) applied on D,,, and the last
equality is due to

) _
E,
(P _ _®25n p

E,
QOEnf 1

Enfl

Consequently, assumption (A5) in Theorem 2.2 is satisfied too for every E,[{l] e Cy if
2
Z{a} = 0, respectively for ‘E,[LO‘] —k|E.]> eR} if T{a} #£0.0
Before we can prove our second main result, we need the following lemma.
LEMMA 4.6. Suppose the nORFs oy, € Ly, k= 1,...,n. Then the nORFs ¢,

and ¢n,—1 have no common zeros.

Proof. Set ) = fr—’;. From Theorem 2.1 it then follows that there exist polyno-

mials q%k) € P1 and constants qék) € Cy so that

(@) = ¢t (@pr1 (@) + ¢ (1 = 2/ar 1) (1 = 2/Tp2)pr-a(z), k=2,...,n.
So, let k = n and suppose that pi_1(a) = pi(a) = 0 for a € C (recall that ‘pi(c0) = 0’
means that ‘pp € Pr_1). Since ¢ € Ly and pp_1 € L1, it follows that a # ap_;
and « # ak_s, and hence, that px_2(a) = pr—1(a) = 0. Thus, continuing for k =
n—1,...,2, we find that o ¢ {ar—1,@k—2}}_,, and that po(c) = p1(a) = 0. This,
however, contradicts the fact that @9 = pg € Cy. O

Finally, we are able to prove the following.
THEOREM 4.7. Consider a quadrature formula of the form

Salf} = )\E,lf(xg,l) + )\E,2f(x§,2) + Z )‘g,kf(xg,k)7 (4.6)
k=3

with fized distinct nodes in {xil,xgg} € Ra, . Further, let the functions a(Z) and
b(Z) be defined by

i = ] LB,

Suppose the nodes {:Cgk}}::l are zeros of the 2-qORF of the second kind:

=T

=T

Zn(x) Zn(x)

P’ﬂ a - n n— n— an — ZC— b)

a5 (T) = aopn(T)+ar Zian? 1(z)+az 7 )" 2(x)  (Zna(z)=2Z5 1 (x))
with

] 5 T ]
P ai a(xn,l)b(xn,z) —a xn,z)b(%,l)
AL} = = 3 3 ( = AL,%(‘TE,DCCE,Q) ) and
@o b(In,l) - b(xn 2)
a(zS ) —a(aS )
AP a2 _ n,2 n,1 — AP S 7
n,2 ao b(Igﬁl) _ Igﬁg) ( n,2( n,l n,2)>

and let the corresponding weights be given by (3.5). Then (4.6) is a rational Gauss-
Lobatto quadrature rule with R, {f} = F{f} — F{f} = 0 for (at least) every f €
Ru—1,n—2 iff the following conditions are satisfied:
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1. {b(@3 ). b5 ) } © €, and b ) — b(af ) # 0;

n,2

1[Zn—1(n) = n,1/Enl #b(ay)  if an # an1 and a, € R,
1— Xn

where XLP] is defined as before in Lemma 4.5;

3 xn € (—o0,1);

4 Im{ATE,} — AL BT {an o} = —FH{an}s

5. a(d) + Aﬂ + Agf%b(d) #0 for every & € [(Ap—2 U{00}) NRia, ,.an}]-
Proof. First, note that P, z, ¢ deg, if ag = 0. Hence, we may assume that

ao # 0 so that the coefficients Agﬂ and Agﬂ are well defined. We then have that IE o
j = 1,2, are zeros of P, g, iff

Zn (5 ;) Zn(5 ;)
P n\%n, P n\*n, .
on (@l ;) + AL&Zi(xé)@nfl(Ig,j) + AL,%m@nﬂ(xE,j) =0, j=12
n—1tpn j n—2\"*n,j

(4.7)
Suppose now that the jth node is a zero of ¢,,—1. From (4.5) it then follows that

Due to the previous lemma, a zero of ¢,,_1 cannot be a zero of ¢, 9, so that C,[LP] =0.

As a result, the third condition is not satisfied. For this reason, the first part of the

first condition ensures that none of the nodes are zeros of ¢,,—1, and that xLP] # 1. The

expressions for Agﬂ and A} then follow by dividing the left-hand side in (4.7) with
Zn(mS

n,2
ﬁ@n,l(x57j), and solving for Agﬂ and Agﬂ. Further, for b(:zrgﬁl) = b(xfm) it

holds that
a(xg,l) - a(xgz) =E, Zn—l(xg,l) - Zn—l(fcg,z)} # 0,

so that ag # 0 iff the second part of the first condition is satisfied.
Next, for a,, # an—1 we deduce from (4.5) that P, z, € L, \ £,—1 (and hence,
in 9¢L,, due to ag # 0) iff the second condition is satisfied. Note that b(a,,) is well

defined. Indeed, since ¢, € 4°L,,_1, it follows that [g”:—fgg] is finite whenever

Qp = Qp_o. Similar as in the proof of Theorem 4.3, we then have that

1. conditions 3-5 ensure the existence of a rational Gaussian quadrature formula
&, {f} so that F{f} = &{f} = &,{f} for every f € Ry,_1 n—2, and hence,
xgyk = xfzk and )‘g,k = )‘S,k € RBL fork=1,...,n;

2. supposing the rational Gauss-Lobatto quadrature exists, while the fixed nodes
are zeros of a 2-qORF of the second kind that does not satisfy the third
condition, leads to a contradiction.

Finally, note that we only need to verify the second condition if a,, € Ry, because
conditions 3 and 4 ensure that all the zeros are real. This ends the proof. O
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4.3. Construction of rational Gauss-type quadrature rules. In the previ-
ous subsections, we related the rational Gauss-Radau and Gauss-Lobatto quadrature
rules (for respectively ¢ = 1 and ¢ = 0) with certain rational Gaussian quadrature
rules by means of the Lemmas 4.2 and 4.5 respectively. Supposing the quadrature
rule exists for a given (set of) node(s), the aim of this subsection is then to investi-
gate the construction of the quadrature rule (i.e., the computation of the nodes and
weights in the quadrature formula). For this, let X be fixed to either @ or P, and

suppose that the matrices J,,, D,, I, and S,,, are defined as above in Theorem 2.3.
Further, let XLQ}, xLP], Agﬂ and Agﬂ, be defined as before in Lemmas 4.2 and 4.5,

and Theorems 4.3 and 4.7,) and set

[e]

X Cn—2 X _[X X
= S = wma o = (o, A ) R
where |n| =1,
L+, X=Q L+xid, X=Q
KX = ’ and LY _{ Xno &=
11—, x=P ! x=r

With this we can define the modified matrices

—

30— Jnoa (C)g)aj s ( - Snfigﬁl onoz ) |
07, ay b, n2 Zn slan-a)
and
BIX = JXID, +1, — SX where 0,2 =(0 ... 0) eC"?

and modified column vector

#90) = (pol) i) . K@) )

We then have the following theorem for the construction of the rational Gauss-Radau
and Gauss-Lobatto quadrature rules from the previous subsections.

THEOREM 4.8. Given the notation introduced above, the nodes {xg)k} in the
rational Gauss-Radau quadrature rule (4.3) (X = Q), respectively in the rational
Gauss-Lobatto quadrature rule (4.6) (X = P), are eigenvalues of the GEP

3B = 2 Bt »
with
~1/2
JX] _ (X = s\ ° x1]? s 2 LX)/ (X]
Un,k =n Z ‘spj(xn,k)‘ + [Kn :| ’ (pn—l(‘rn,k)‘ Pn (wn,k)7 ‘nn ‘ = 17

j=0
the corresponding normalized eigenvector. The corresponding weights satisfy

2
X 2
X = o) g

[X] ~X]

where v, ;. denotes the first entry in U, .

Proof. The statement directly follows from Lemmas 4.1 and 4.2 for X = @ (re-
spectively from Lemmas 4.4 and 4.5 for X = P), together with (4.1) and Theorem 2.1.
O
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5. Numerical examples. In the numerical examples that follow, we construct
rational Gauss-type quadrature formulas for the approximation of

SUfY = Julf) = / f(@)w(z)dz,

where I = [—1,1] and w(x) is the Chebyshev weight function of the first kind w(z) =
1//1 — 22,

Let « = J(z) denote the Joukowski Transformation = £(z + z~'), which maps
the open unit disc D = {2 € C : |2| < 1} onto the cut Riemann sphere C; and
the unit circle T = {z € C : |z| = 1} onto the interval I. The inverse mapping is
denoted by z = J™?(x) and is chosen so that z € D if 2 € C;. Further, with the
sequence A = {ay,as,...} € C; we associate a sequence B = {31, 32,...} C D, so
that B = J""(ay). The so-called Chebyshev nORFs (with respect to the Chebyshev
weight function w(z) and inner product (f,g),, = Juw(fg°)), with arbitrary complex
poles outside I, are then given by (see [8])

1 _ L= 1B (#Bi () 1
po(x) 7 on(r) = o= <1—ﬁw +@—ﬁmex@)’k>L(5”

where

k

Bo(2) =1, Bu(x) = ]2
0(2) k(2) 31;[1 1-7,-

k> 1

These nORFs are regular and satisfy the three-term recurrence relation (2.4) with
coefficients (see [16, Sect. 4] and [19, Thm. 3.5])

20— 18P B P) (1 - Bufi)

= , k>1,
’ A+ +5_)
and
1 +61%—1
k=" 5 X
2(1 = [Br-11")

(1= 1Be—11")(Br + Br_s) + 2Re{Bu—1}(1 — BiBy_»)
(1= BrBr1)(1 = Br-15),_5)

, k>1,

were we put by convention By = J"%(ag) = 0. For k = 1, the coefficients are given
by

2(1 - |41])

E:
! 1+ 32

and D1 = _61-

Unless stated differently, the computations in the examples were done in double
precision using MATLAB® 7. 4

4MATLAB is a registered trademark of The MathWorks, Inc.
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EXAMPLE 5.1. For the first example, we consider the sequence of poles A1 =
{—a,a,—a,a,...} CRy, with a > 1. We then numerically approzimate

Juw(prei) =0k, n—2<k<n, n-2<I0<n,
where the @y ’s are the Chebyshev nORFs (5.1) with poles in Ay, by means of an nth

rational Gauss-Radau quadrature formula

Tn(@r07) = A 10k (Tn,1)07 (Tn1) + Y Anj 0k (@n ) (2n5)

j=2
with fized node in x,1 =1 or z,1 = —1. Thus, forn > 1 we have with 8 = Jm(a) €
(0,1) that
146 = odd
A1y = —1/4Q @) = g T 0
(R & A
Further, the coefficients (2.5) are given by
W _ o) _ _ 1+8 Wl _ el 145
c =ay = —m/7—, ¢ i =a) = —"—, k>1,
O T T A @) TR T (1 p?)
and
1+ 4%)
Bl g plel = _BAEBY) el g ke
0 ﬁ? 1 2(1 _ /82) 9 k ] >

Thus, we have that Agﬂ (£1) € C, while

2p _ 28 —
W= { E T e ey { TR T
W, n = even —W, n = even,
so that the four conditions in Theorem 4.3 are all satisfied. Hence, these rational
Gauss-Radau quadrature rules exist, and we can use Theorem 4.8 to compute their
nodes and weights. Tables 5.1 and 5.2 then show the absolute error of the approzi-
mation for several values of n and «. To get an idea of the accuracy of the computed
nodes and weights, we included the absolute error e,(|pol”) of the approzimation of

Ju(pol?) = 1 too, as well as the difference in absolute value between the fized node x,, 1

and the nearest computed node ngf;mp | The numerical results clearly show that the

quadrature rules are exact for every f € Ry n—2, but not for f € Rp—1n-1\Rn-1,n—2-
EXAMPLE 5.2. For the second and last example, we consider the function

1

f(z) = ;sin !

{ (22 = J(8)*)(@? = J(iB)?)

which is analogous to the one in Example 5.4 from [19]. This function has essential
singularities in v = J(i78), j = 0,...,3. For 3 very close to one, this function is
extremely oscillating near the center and near the endpoints of the interval I. Since
an essential singularity can be viewed as a pole of infinity multiplicity, this suggests
taking

} . Be(0,1), (5.2)

Ay = {oy, = J(*18), k=1,2,... }.
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Absoloute error in the rational Gauss-Radau quadrature formulas with fized node in 1 for the

estimation of Ju (¢ref)-

TABLE 5.1

a n (k, 1) error en(lol?) ming < j<n, { xff’jmp] -1

2 8 (6,6) 3.1107e — 015 | 1.1102e — 015 4.4409¢e — 016
(7,6) | 6.7671e — 016
(8,6) | 3.7793¢ — 015
(7,7) | 5.0000¢ — 001

32 (30,30) | 6.5060e — 014 | 2.2204¢ — 016 6.6613e — 016
(31,30) | 3.4982¢ — 014
(32,30) | 6.9833¢ — 014
(31,31) | 5.0000¢ — 001

128 (126,126) | 8.6710e — 014 | 8.6597¢ — 015 2.2204e — 016
(127,126) | 2.4629e — 013
(128,126) | 1.6776e — 013
(127,127) | 5.0000¢ — 001

1.1 8 (6,6) 2.8869e — 015 | 6.6613e — 016 3.3307e — 016
(7,6) | 5.9539¢ — 015
(8,6) | 2.9089¢ — 014
(7,7) | 9.0909¢ — 001

32 (30,30) | 2.5824e — 013 | 5.3291e — 015 4.4409e — 016
(31,30) | 4.6078¢ — 014
(32,30) | 3.0015¢ — 013
(31,31) | 9.0909¢ — 001

128 (126,126) | 5.8576e — 013 | 6.2728¢ — 014 4.4409¢e — 016
(127,126) | 5.0504e — 016
(128,126) | 7.8601e — 013
(127,127) | 9.0909e — 001

1.001 | 8 (6,6) 2.6725e — 012 | 8.9040e — 014 8.8818e — 016
(7,6) | 6.9373¢ — 014
(8,6) | 3.7845¢ — 012
(7,7) | 9.9900¢ — 001

32 (30,30) | 1.9464e — 011 | 1.8097¢ — 013 4.4409¢e — 016
(31,30) | 3.3857¢ — 013
(32,30) | 2.2508¢ — 011
(31,31) | 9.9900¢ — 001

128 (126,126) | 5.3282e — 010 | 5.8442¢ — 013 2.2204e — 015
(127,126) | 1.1467¢ — 011
(128,126) | 5.2787¢ — 010
(127,127) | 9.9900¢ — 001

We then numerical approzimate Jy, (f) by means of an nth rational Gauss-type (Gaus-
sian, Gauss-Radau and/or Gauss-Lobatto) quadrature rule Jp(f).

Note that the rational Gaussian quadrature rule only exists for n odd, while the
rational Gauss-Radau and Gauss-Lobatto quadrature rules can only exist for n even.
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Absoloute error in the rational Gauss-Radau quadrature formulas with fixed node in —1 for the

estimation of Ju (¢ref)-

TABLE 5.2

a n (k, 1) error en(lol?) minj<jgn { xﬁff’jmp] +1
2 7 (5,5) 2.1101e — 015 | 6.6613e — 016 4.4409e — 016
(6,5) | 6.9117¢ — 015
(7,5) | 9.2753¢ — 015
(6,6) | 5.0000¢ — 001
31 (29,29) | 7.5829¢ — 014 | 3.7748¢ — 015 4.4409¢e — 016
(30,29) | 3.8533¢ — 014
(31,29) | 6.8099¢ — 014
(30,30) | 5.0000¢ — 001
127 (125,125) | 3.2041e — 013 | 5.5511e — 015 6.6613e — 016
(126, 125) | 7.0064e — 014
(127,125) | 3.1795¢ — 013
(126,126) | 5.0000¢ — 001
1.1 7 (5,5) 1.8874e — 014 | 3.9968e — 015 2.2204e — 016
(6,5) | 7.4455¢ — 015
(7,5) | 1.0161e — 014
(6,6) | 9.0909¢ — 001
31 (29,29) | 4.8961e — 013 | 2.4425¢ — 015 8.8818e — 016
(30,29) | 1.2114e — 013
(31,29) | 5.6687¢ — 013
(30,30) | 9.0909¢ — 001
127 (125,125) | 1.4577e — 012 | 7.9492¢ — 014 8.8818e — 016
(126,125) | 2.8959e — 013
(127,125) | 1.6543e — 012
(126,126) | 9.0909e — 001
1.001| 7 (5,5) 5.5702e — 012 | 6.8834e — 014 2.2204e — 016
(6,5) | 1.3406e — 013
(7,5) | 4.2642¢ — 012
(6,6) | 9.9900¢ — 001
31 (29,29) | 3.0297¢ — 011 | 1.1113e — 013 1.1102e¢ — 016
(30,29) | 6.5270¢ — 013
(31,29) | 2.2020e — 011
(30,30) | 9.9900¢ — 001
127 (125,125) | 3.4639e — 010 | 8.6042¢ — 013 1.5543e — 015
(126, 125) | 8.8512¢ — 012
(127,125) | 3.5332¢ — 010
(126,126) | 9.9900¢ — 001
The coefficients (2.5) are now given by
1452 k=1
cel _glel ) \/20-p%)°
k—1 k 1432
aa-ory B b
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and

8, k=1
B(+6%)[2+i(1—-5%)] k=2
plel 21-pH)(1-1p%) m=1,2
k—1 0, k=2m+1 e

2 2\ i1 a2
(—1)m ﬁ(1+ﬁ(1)7[(£31;;€312;r5§;2 B ))]7 k=2m+2,

Further, since the last pole is complex for n even, the nth rational Gauss-Radau
quadrature rule is unique (it is the nth rational Gaussian quadrature rule with the
last two poles interchanged), so that (see Theorem 4.3),

Bl —p2) +i(1 + 52)] @ _ 2%
(1+i3%)(1 - 52) (1= g2

For the nth rational Gauss-Lobatto quadrature rule, with n = 2m > 4, we consider
the case of fized nodes in x,1 = —xp2 = 1. We then have that

A[z(i]l,l =—(=n" and x m=1,2,....

(P]
2m

A - =0, AP, -1 =1, and N1 -1 =-1, m=23,....

It can be verified that the coefficients A[Qi]l7j(1, —1), j = 1,2, satisfy the five conditions
in Theorem 4.7, so that these rational Gauss-Lobatto quadrature rules exist. Thus, we
can again use Theorem 4.8 to compute the nodes and weights in the rational Gauss-
type quadrature rules.

For 3 = % we find with the aid of MAPLE® 10° that J,, (f) ~ 0.2888276658908954.
Figure 5.1 then shows the relative error of the approximation in terms of the num-
ber of interpolation points n. Note that forn = 4dm+ 1, m = 1,2,..., the rational
functions in L,—1 = Ly, that interpolate the function f(x) in the nth rational Gaus-
sian nodes, have poles in the four different singularities of f(x), each with the same
multiplicity m. This may explain the oscillating behavior of the relative errors for
the rational Gaussian quadrature formulas as a function of n, with better results for
the (4m + 1)th rational Gaussian quadrature formulas compared with the (4m + 3)th
rational Gaussian, and (4m + 2)th and (4m + 4)th rational Gauss-Radau quadrature
formulas. Further, note that the graph for the rational Gauss-Lobatto quadrature rule
(more or less) coincides with the graph for the rational Gaussian quadrature rule when
shifting the latter to the right (the (n + 1)th rational Gauss-Lobatto and nth rational
Gaussian quadrature formulas also have the same domain of validity). Due to this
shift, we obtain that the rational Gauss-Lobatto quadrature rule performs a little bit
better compared with the rational Gauss-Radau quadrature rule, although the latter
has larger domain of validity.

Finally, to get an idea of the accuracy of the computed nodes and weights in the
rational Gaussian and Gauss-Radau quadrature formulas, we also computed the nodes
and weights with the aid of the MATLAB® function rcheb, as described in [20]. For
each n, the difference in absolute value between the nodes and weights computed by
means of the (modified) GEP and the nodes and weights computed by means of the
MATLAB® function rcheb was less than 5.22e — 015 and 1.32e — 013 respectively.
On the other hand, for the rational Gauss-Lobatto quadrature formulas the difference
in absolute value between the fized nodes and the nearest computed nodes was less than
2.11e — 015, while the absolute error of the approzimation of Ju(|go|?) = 1 was less
than 9.66e — 014.

5MAPLE is a registered trademark of Waterloo Maple, Inc.
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F1c. 5.1. Relative error in the rational Gauss-type quadrature formulas for the estimation of
Juw(f), where f is given by (5.2).
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