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Abstract

Wavelets have been used in a broad range of applications such as image processing, computer
graphics and numerical analysis. The lifting scheme provides an easy way to construct wavelet
bases on meshes of arbitrary topological type. In this paper we shall investigate the Riesz stability
of compactly supported (multi-) wavelet bases that are constructed with the lifting scheme on
regularly refined meshes of arbitrary topological type. More particularly we are interested in the
Riesz stability of a standard two-step lifted wavelet transform consisting of one prediction step
and one update step. The design of the update step is based on stability considerations and
can be described as local semiorthogonalization, which is the approach of Lounsbery et al. in
their groundbreaking paper [26]. Riesz stability is important for several wavelet based numerical
algorithms such as compression or Galerkin discretization of variational elliptic problems. In order
to compute the exact range of Sobolev exponents for which the wavelets form a Riesz basis one needs
to determine the smoothness of the dual system. It might occur that the duals, that are only defined
through a refinement relation, do not exist in Ly. By using Fourier techniques we can estimate the
range of Sobolev exponents for which the wavelet basis forms a Riesz basis without explicitly using
the dual functions. Several examples in one and two dimensions are presented. These examples
show that the lifted wavelets are a Riesz basis for a larger range of Sobolev exponents than the
corresponding non-updated hierarchical bases but, in general, they do not form a Riesz basis of L.
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1 Introduction

The objective of this paper is to determine the range of Sobolev exponents s for which the wavelets,
that are derived from a standard two-step lifted wavelet transform consisting of one prediction step
and one update step, form a Riesz basis of the fractional Sobolev space H*(R?) ([1]). The design of
the update step takes into account stability considerations, i.e. we use local semiorthogonal lifting
which is the approach taken in [25, 26, 34, 40, 41]. The prediction step is based on subdivision rules.
The lifting construction can be applied to irregular meshes of arbitrary topological type but in our
stability analysis we will only investigate whether the shifts and dilates of wavelets around regular
vertices form a Riesz basis. Recall that a system generated by v := (¢1, 2, ... ,wr)T is a Riesz basis
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with M a dilation matrix that describes the geometric refinement. We always mean by a ~ b that

a < band a 2 b hold, where a < b means that a can be bounded by a constant multiple of b uniformly
in any parameters on which a,b may depend, and a 2 b means b < a.



In [26] Lounsbery et al. presented a new class of wavelets, based on subdivision surfaces, that radically
extended the class of representable functions. Their method allows to develop subdivision wavelets on
compact surfaces of arbitrary topological type. At the same time the realization that translation and
dilation are not strictly necessary for the construction of wavelets was also noted independently by
Sweldens [36, 37] and by Carnicer et al. [3]. Starting from a polyhedral mesh, subdivision schemes re-
cursively subdivide the individual polygons such that the surface converges to a smooth limit surface.
Wavelet transforms can be constructed by combining the subdivision process with a vertex manipu-
lation that introduces geometric detail at every subdivision level. This approach is directly related to
the prediction step and the update step of the lifting scheme. In Section 2 we review some concepts
related to the subdivision wavelets from [26] in terms of the lifting scheme.

Without an update step wavelet functions from the lifting scheme are simply the scaling functions on
the next finer level corresponding to the newly introduced vertices. The update step is used to achieve
certain properties that the unlifted wavelet functions do not have. A simple update from [37] is to
obtain lifted wavelets with IV vanishing moments where N is the number of degrees of freedom in the
update step. This update step appears to be unstable, as reported in [34] for the one-dimensional case.
Another possibility would be to make the wavelets orthogonal with respect to the scaling functions
of the previous coarser subdivision level. This is a provably stable update, but the resulting wavelet
functions are not locally supported. Hence the wavelet transform requires quadratic time which makes
the wavelet transform useless from a practical point of view. In Section 3 we discuss another update
method that is known as local semiorthogonalization. This approach has been investigated previously
in several papers [25, 26, 34, 40, 41]. We prove that this update method yields stable one-level wavelet
transforms.

Although we prove that the update step yields stable one-level wavelet transforms, we do not know
whether the complete wavelet transform over all levels is stable. In particular we would like to know
the complete range of Sobolev exponents for which the multilevel system is a Riesz basis. This is
mathematically interesting on its own, but it can also be motivated from the research on multilevel
finite element preconditioners [9, 18, 24, 29, 43|, as the energy norm of an elliptic partial differential
equation is typically a Sobolev norm. In order to be able to use Fourier techniques we will only consider
the shift-dilation invariant setting of a multilevel system, although realistic applications require other
settings. In Section 4 we establish a theoretical basis for investigating whether the shifts and dilates of
the lifted subdivision wavelets form a Riesz basis of H*(R?). This involves determining the smoothness
of the dual system, which is generated by the solution of the dual refinement relation. It might happen
that the dual refinement relation does not yield a solution in Ly, so that smoothness of the dual system
is not well defined anymore. Our main result here is Theorem 4.4 which provides a way to determine
the range of stability without explicit knowledge of the dual functions.

In Section 5 we apply the theoretical framework of the previous sections to some example subdivision
schemes, i.e. we create subdivision wavelets and we investigate their stability. We find that the
subdivision wavelets enlarge the range of stability compared to the unlifted wavelets, but in general
they do not form a Riesz basis of Ly (i.e. s = 0 is not contained in the range of Sobolev exponents
for which we have stability). In Section 5.1 we give a detailed treatment of the polyhedral wavelets
that were used in [26] for smooth surface compression and multiresolution editing. We also illustrate
the performance of these wavelets as preconditioners for second order elliptic problems. Section 5.2
is devoted to piecewise cubic Hermite wavelets on the real line, and in Section 5.3 we investigate
subdivision wavelets that arise from a more complicated subdivision scheme: the tangent scheme [39].
In Section 5.4 we briefly discuss a strategy to construct stable wavelets with the lifting scheme on
uniform grids. Using this strategy we find connections with other constructions in the literature.



2 Multiresolution analysis based on subdivision

2.1 Subdivision

Subdivision is a powerful tool for the construction of smooth curves and surfaces. The main idea is to
start with an initial control polyhedron M and to iteratively refine this polyhedron by inserting new
vertices such that the sequence of refined polyhedra M, M?, ... converges to some limit surface M.
In each subdivision step, the vertices of MJ*! are computed as affine combinations of the vertices of
M7,

vitl = vipJ, (2.1)

In this equation the v/ are matrices whose i-th column contains the z, v, and z coordinates of vertex
i of M7, and the linear combinations on each level are described by the subdivision matrix P7.

An important aspect of subdivision is its relation to multiresolution analysis. Subdivision can be used
to define a collection of refinable scaling functions. Note that subdivision surfaces can be parameterized
over the domain MY. The refinement step that carries the mesh M7 into the mesh M1 consists of
two substeps: a splitting step and an averaging step. In the splitting step each face of M7 is split into
a number of congruent subfaces by introducing new vertices at several positions in the old face and
by connecting these new vertices with the old vertices. This gives an auxiliary mesh M7+!. Then the
averaging step uses local weighted averaging to compute the vertex position of M J*1 from the vertex
positions of M7*1. Hence (2.1) can be written in the form

s/l = /P, (2.2)

where the s/J\ are row vectors that contain coefficients that are associated with the corresponding
vertices in M7, see Figure 1. We define the scaling function @7 as the limit function if we start the
subdivision scheme (2.2) on level j with an impulse Jg, i.e. the set of coefficients at level j are all
zeroes except at the k-th vertex where we have a corresponding coefficient that equals one. Moreover
these scaling functions satisfy a refinement equation of the form

d = PIpItL (2.3)

where ®/ denotes the column vector of the scaling functions (ﬁi on level j.

Figure 1: The subdivision limiting process.

Given this relation, a strictly increasing sequence of subspaces V7 can be associated with the initial
coarse grid M?Y: ' '
V7 = span{¢; }
and
Vicvicvic....

This is called a multiresolution analysis.



2.2 Complement space

The space VIT! describes more detail of a surface than the coarser space V7. The difference can be
captured in a complementary space W/ such that

VI D Wi = Vj+1.

The complement space W7 is not necessarily orthogonal to V7. We will refer to the basis functions
Y] of W as wavelets and we collect them in a column vector ¥7. In analogy with (2.3), the relation
between U/ and ®/*! is given by a filter QJ

Ul — Qj PitL
The wavelets are said to have N vanishing moments if W/ is orthogonal to the space of polynomials

on MP° of degree at most N — 1.

2.3 Filter bank algorithm

Every function in V7*! can be written as a low resolution part in V7 and a detail part in W7
LI — g1 4 wi W,
This is done with two analysis filters, a low pass filter A7 and a high pass filter B

gl — gITLIAJ

w’) = g/ TR,

PJ 122 1
-]
one can easily see that the analysis filters must be defined by the inverse relation

A w7 =)

Since

and s/*! can be recovered from s/ and w/ using the synthesis filters P/ and Q7
st =PI + wiQ.
The filter operations are represented schematically in Figure 2.
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Figure 2: Filter bank algorithm.



2.4 Wavelet functions

The subdivision matrix PJ can be written in block matrix form as
P/ = [Oj Nj]

where we distinguish a part (/)\J that computes the coefficients that are associated with the old vertices
of M7 on the finer domain M7, and a part N7 that computes the coefficients that are associated
with the newly introduced vertices in MU+, Similarly we split ®/+! in functions ©09+! associated with
the old vertices in M7T! and functions N7 1! associated with the new vertices added when going from

Mi to M+
, i+l
1
(I)J-i- = [Nj'H] .

The sets ®/ and N7+ together span V7! because the matrix O/ is invertible. Obviously the functions
in N7*! can be used as wavelet functions

U =N and Q7 =[0 IJ.

Here 0 stands for the zero matrix and I stands for the identity matrix. By choosing the wavelet
functions as the scaling functions on the finer level, we also made a choice for the complement space
W3, It can be desirable to have another complement space with certain properties. The wavelet
functions can be found by projecting the A7*! into the desired complement space W7 along V/

gl = Nj+1 — P,

This projection is not necessarily orthogonal. For each wavelet function there is a corresponding row
in a/. The possibly nonzero entries in this row together will be called the stencil for that wavelet
function. Remark that if there are no zero entries in o, the wavelets will have the whole domain M °
as their support.

2.5 Lifting
The reconstruction or synthesis filter in block matrix form is now
PJ OJ NJ
o]~ -do 1] 2

Because O7 is invertible, the filterbank operation is also easily invertible and we find the analysis
filters A’ and B’

(A Bj]:[(oj)‘l—gj)‘lea" —(Oj%_lN]}, (2.5)
These filters can be factored as follows
P/ I o] [I N/] [0/ 0O
o)l w 1-b TS 1) @)
and oH~l o] [T —-NJ I o
WY e N N ) o

This relates to the concept of lifting [37]. Every factor in the factorization of the filters corresponds
to a lifting step. The filter bank factored in lifting steps is shown in Figure 3.

First the coefficients s/ are split into two sequences. The first sequence, s, contains the coefficients

that correspond to vertices in M7, and the second sequence, Sj+1, contains coefficients that correspond
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Figure 3: Filter bank factored in lifting steps.

to vertices that are in M’+! but not in M7. The subscripts o and n refer to old and new vertices
during the subdivision process.

Then we want to treat s’ +1 45 the coefficients of a surface defined on M Therefore we first need

to scale the coefficients of the old vertices with O . After this we can apply the part N7 of the
subdivision algorithm P7 that leads to the coefficients for the new vertices. The result is used as a
prediction for s/ and substracted from this sequence. This yields the wavelet coefficients w7 on the
lower branch in the picture. We call this step the prediction step. Finally AR updated with a
linear combination defined by o of wavelet coefficients w?. This yields the scaling coefficients s on
the upper branch in the picture. We call this step the update step.

Reversing the lifting scheme is straightforward: we run through the scheme backwards, replace plus
with minus signs, undo scaling operations and merge what had been split. So unlike the classical
wavelet transform where A7, B/, P/ and Q7 are used explicitly, the same filters O/, N7 and o/
appear now in the forward and inverse transform.

2.6 Biorthogonal wavelets

The lifting scheme automatically generates a set of biorthogonal scaling functions and wavelets that
satisfy a refinement relation of the form

HJ
T

(A7)
(8)

It (2.8)

This set of biorthogonal scaling functions and wavelets is only formally biorthogonal. It is not guaran-
teed that the new dual functions belong to Lo, see [36]. They might only exist in distributional sense
in L. If the solutions to the refinement equations (2.8) exist in Ly we have

<~g’ j> =0, §¢é7¢i/>L25k,ku
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3 Design of the update step

Without an update step the multilevel system
o0
w=20u | W
§=0
consists of scaling functions on several resolution levels. More particular we have

\I::fbou[j/\/j

j=0



which is just the standard hierarchical basis, see, e.g., [43] for the case where V7 is the space of
piecewise linear bivariate polynomials. It is well known that standard hierarchical bases do not form
Riesz bases for Ls. For instance they do not have a vanishing moment which is required, [6]. We use
the update to achieve properties that the unlifted wavelets do not have.

A common approach is to obtain lifted wavelets with /N vanishing moments, where N depends on the
size of the update stencil. The lifting coefficients o/ are found as the solution of a N x N system that
arises from the condition that the lifted wavelets are orthogonal to a basis for the space of polynomials
on MY of degree at most N — 1. However, the update coefficients in o/ appear to be unbounded, and
therefore the wavelet transform is not stable. Simoens [34] gives examples of this phenomenon for the
one-dimensional case.

There is another simple update method that is provably stable. One can choose the update operator
o’ as the Lo-orthogonal projection from VJT! onto V7. This yields a multiresolution analysis in
which the complement spaces W/ are Ly-orthogonal complements to V7 in Vi1, We will refer to the
update as semiorthogonal lifting. Basis functions for these particular complement spaces are sometimes
called prewavelets. The resulting multilevel system W is a Riesz basis for Ly and the wavelets have N
vanishing moments provided that V0 contains the space of polynomials on M© of degree at most N — 1.
Unfortunately, in general the matrix o is full, so that the lifted wavelets are not locally supported
but stretch out over the whole domain M9, This is a major disadvantage for many applications.

The update matrix o/ for semiorthogonal lifting has an interesting property. Even when o/ is full it
has an exponential off-diagonal decay of a rate that is independent of j, see [34] for a proof. Hence
the idea of approximating o’ by a truncated matrix [25, 26, 34, 40, 41]. Because of the off-diagonal
decay, truncating o yields a banded matrix. Local semiorthogonalization exploits this property. One
fixes the stencil and the scaling functions that come in the update step in advance and then one
orthogonalizes each wavelet function to the subset of V7 that is defined by the stencil. The lifted
wavelets will be approximately orthogonal to V7. A disadvantage of this idea is that we loose all
vanishing moments that we had for free in the semiorthogonal case.

Proposition 3.1. Suppose that the set of scaling functions ®7 is a Riesz basis of V7 with respect to
the Lo-norm, for any j > 0. Then the set of wavelets W7, obtained by local semiorthogonal lifting, is
a Riesz basis of W7 with respect to the La-norm.

Proof. 1t is sufficient to show that the one level wavelet transform filters satisfy

o

uniformly in j. Then, by the Riesz stability of ®/, the proposition follows. From (2.6) and (2.7) it
is sufficient to prove that ||a|2, |IN7|l2,]|O7]|2, [|[(O7)~t||2 = O(1). Because of the Riesz stability of
®J one can easily deduce that ||N7||z, ||O7]|2,[|[(O7)~!||2 = O(1), using results from [3]. It remains to
check whether the update is stable, i.e., ||a/|s = O(1). For band matrices with uniformly bounded
bandwidth, the 1-norm and the 2-norm are equivalent uniformly in the dimensions of the matrix.
Therefore it is sufficient to show that |||, ry maxy |(a? )| is uniformly bounded. Let us focus on
the update of a particular wavelet function z/)k where k corresponds to a vertex that is added when

=0 ., |[la7 B, =0),

going from M7 to M+, The update involves a set of neighboring scaling functions in Vi, _Let us
denote these scaling functions by {gby li € I}, with I}, and index set representing vertices in M. By
construction #I; < 1. The update step solves the system

Ga=b, G:= << / g2>L2>i17i261k, b= << g7¢£+1>L2>iEIk. (3.1)

Suppose that {193\2 € I} is a dual base for {gbf]z € I}, ie.,

J — 5 .
<'l9i17¢7j2>L2 - 6217127



and suppose that 19? =: Znelk cmqb%, then G~ = (¢in)iner, and

|

Such a dual basis always exists by the Riesz representation theorem. From the Riesz stability of the
scaling functions we get
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thus Znelk c?,n < ¢; and we derive cin S ¢ii. For ¢ = n this becomes ¢; ; < 1, hence |¢; ,| S 1 and

ledl oo < [G7H| bl < Il < 1.

This proves the proposition. O

Proposition 3.1 does not imply that the multilevel system ¥ is a Riesz basis for L. However, the
uniform Lo stability of the wavelets at a fixed resolution level j is a necessary condition to generate a
Riesz basis for Ly. Another necessary condition is that the wavelets must have at least one vanishing
moment, see for instance [6]. To enforce the vanishing moment one can use a combined approach
[25, 26, 34]. One degree of freedom in the update step makes the wavelet orthogonal to polynomials
of degree zero. The other degrees of freedom make the wavelet as orthogonal as possible in a least
squares sense to its predefined set of scaling functions.

Proposition 3.2. Suppose that the set of scaling functions ®7 is a Riesz basis of V7 with respect to
the Lo-norm, for any j > 0. Then the set of wavelets U7, obtained by local semiorthogonal lifting with
an additional linear constraint that forces each wavelet to have a vanishing moment, is a Riesz basis
of W3 with respect to the Lo-norm, provided that for any scaling function (ﬁ?jl € N+ there exists a

scaling function ¢l in its update stencil such that
‘/¢{j1dw‘ < ‘/w,’ndw‘. (3.2)

Proof. The first part of the proof is similar to the proof of Proposition 3.1. It is sufficient to prove
that maxy; |(a’)y| is uniformly bounded. Instead of (3.1) we now solve the minimization problem

moiﬂnHGa —b||, subj. to <<1,¢g>L > a= <1,¢i+1> , (3.3)
2

i€y, Ly

with G, b and I as in the proof of Proposition 3.1. We already know that
IGllo S1, G S1, bl S1. (3.4)
Let € := Ga — b, then we deduce from (3.4) that
lelloe Smax ([[afl,1), el S max(fle]o 1) (3.5)

Hence if we can find a a such that the vanishing moment condition is satisfied and such that |le|| ., < 1,
then the minimalization problem (3.3) will always yield a [le]| ., < 1, and from (3.5) we get ||| S 1
which proves the proposition. Suppose that we choose a such that all entries a;, i € I, are zero,
except for one entry a,,. From the vanishing moment condition we find

<1’¢i+1>1;2

<1’¢¥n>L2 |

By (3.2), |laf|, = o] S 1, and (3.5) implies |le|| < 1. O

oy =



Remark 3.3. Condition (3.2) is a weak assumption. Denote by {gbf li € I} the set of scaling functions
in the update stencil of qﬁfjl € N7+ and let ij = span{#\i € Ii}. Denote by {qﬁgﬂli € Ji} the set
of scaling functions at the next finer level whose support is contained in the domain  of ij . They
span the space ij 1 and qﬁfjl € V]g 1 By the Riesz representation theorem there exist dual Riesz
bases {¥]i € I},} and {19?“]2’ € Ji} such that ij — span{®/|i € I} and ijH = span{ﬁ?“]i € Ji}.
Furthermore the full set of scaling functions in V7 will reproduce polynomials of degree zero, since
they are a Riesz basis with respect to the norm in Ly, see, e.g., [33]. Therefore, provided that the
space Vk] is large enough, the orthogonal projection of the constant function onto the space ij will

reproduce the constant function exactly in the interior of the domain §2 of ij and will tend to zero
near the boundary 92 of the domain of V}/. Similar results hold for V// 1 We find that

2 2
j j 2 +1 j+1
So(uel), #| e ~ | X (1), o ,
i€l La(®) e L2(®)
and because the dual bases are also Riesz bases,
2

> {ue), ~ 2 (el
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Since #1}, < #J}, this equivalence implies the existence of a scaling function qﬁzn in the update stencil
of qﬁ?jl such that (3.2) holds.

4 Stability over all levels

Propositions 3.1 and 3.2 do not imply that the multilevel system ¥ is a uniformly stable Riesz basis
for Ly(MY). More generally, we are interested in the range of s for which ¥ forms a Riesz basis for
the Sobolev space H*(M?). In realistic applications MY is a bounded domain of arbitrary topological
type such that the nested spaces V7 on MY are not shift-dilation invariant. For our stability analysis
we will assume a shift-dilation invariant setting for our multilevel system, because this allows us to
make use of Fourier techniques. Hence, the main objective of this section is to estimate the range
of Sobolev exponents s for which the shifts and dilations of the wavelets, that are derived from the
two-step lifted wavelet transform of the previous section around a regular vertex, form a Riesz basis
of H*(R?), with d the spatial dimension.

We start with a geometric refinement described by the dilation matrix M and we suppose that M is
isotropic, i.e. there exists an invertible matrix 3 such that

SMX ! = diag(oy,...,0q)

with |o1| = -+ = |o4| = m'/?, and m := |det M| > 1. Let \;; + MZ? be the m distinct elements of
7% /(MZ%), with A\g = 0. Define the sets

A::{)\k,k:O,...,m—l}, A/Z:A\{)\o}.
In the most general case we find a multilevel system
U = {p(z — a),m?*P Mz — a),a € 2% j =0,1,..., Ae A'}, (4.1)

where

6(2) = (B1(2).02(a). ... 0n(@) ", V(@) = (@) 3. .. (@))



are 7 x 1 function vectors on R? that satisfy vector refinement equations of the form

px) = > Aadp(Mz—a), (4.2)
a€cZd

PMz) = > Alp(Mz —a), (4.3)
a€cZd

with {A.}e and {A)}, finitely supported sequences of r x r mask coefficient matrices. By the
biorthogonality (2.8) we also have a dual system

v :{qﬁ(m—a),mj/Q{b)\(ij—a),aEZd,j:(),l,..., Ae A}

where
$r)= 3 Aud(Mz—a), ¥'(2)= > Add(Mz - a). (4.4)

a€Zd acZad

It turns out that the range of Sobolev exponents s for which the multilevel system W is a Riesz basis for
H*(R%), is determined by the Sobolev regularity of the scaling function vectors ¢ and ¢. The Sobolev
regularity or smoothness of an arbitrary function f on R? is measured by the critical exponent

sf = sup{s cfe HS(Rd)}

and the Sobolev regularity of a function vector is just the infimum of the Sobolev regularities of the
functions that it contains. It is known from [7] that if ¢, ¢ € Lg(Rd) have compact support, then the
multiscale basis W is a Riesz basis for H*(R?) for all s with

—S&)<S<S¢

and that this interval is sharp. Recently there has been a growing interest in the numerical computation
of the smoothness of refinable functions, see, e.g., [4, 19, 32] and references therein. However, a
necessary condition in those papers is that the refinable functions exist in Ls. As we have already
mentioned in Section 2.6, the duals arising from the lifting scheme do not necessarily satisfy this
condition [36]: it is possible that they only exist in distributional sense in Lo. This difficulty was
dealt with by Lorentz and Oswald for the single function refinable case (r=1). In their paper [24] they
provide sharp stability estimates for systems where the duals do not belong to Ly. We will extend
this result to refinable function vectors (i.e for arbitrary r > 1).

We now introduce a lot of new notation and some theorems to estimate the range of stability for some
given multilevel system. Taking the Fourier transform of both sides of (4.2), we obtain

qAb(w) = P(M_Tw)aﬁ(M_Tw), w e RY,

and
P(w) :=m™! Z Ao, w e RY,
aezd

is the symbol associated with (4.2). Here P(w) is an r x r matrix function. Its entries are trigonometric
polynomials with real coefficients. It is well-known that if P(0) satisfies Condition E, i.e. 1 is a simple
eigenvalue of P(0) and all other eigenvalues of P(0) lie inside the open unit disk, then there exists a
unique compactly supported distributional solution vector ¢(u) satisfying (4.2) and ¢(0) = y g, with
yr (yr) the normalized right (left) eigenvector of P(0) associated with eigenvalue 1, see [30]. Without
loss of generality we assume that the support of the symbol P(w) is in the cube [~N, N]? for some
fixed N >0, so A, = 0 for all a ¢ [-N, N]¢. Let

K= > M7(-2N,2N1%) | nz?.
j=1

10



Define the torus T := [0,27]¢ and let Co(T)"*" denote the space of all r x  matrix functions with
trigonometric polynomial entries. For a given refinement equation with symbol P(w) € Co(T)"*" we
define the associated transition operator Tp on Cy(T)"*" by

[y

m—

TpH(W):= Y PM T(w+2a\))HM T (w+272) P(M T (w + 27)1))".
k=0

Define |
H:={H(w) € Co(T)TXT cH(w) = Z Hae oY,
aceK

then H is invariant under Tp. Furthermore we know from [14, 20] that the eigenfunctions of Tp
corresponding to nonzero eigenvalues lie in H. So it is sufficient to consider the restriction of Tp to H
in order to study the eigenvalues and eigenfunctions of T'p. Let us define the refinement operator Rp
on Ly(R4)™1 by
RpF =Y A F(M-—a),
acZd

then ¢ solves (4.2) if Rp¢p = ¢. The cascade algorithm [11] consists in the repeated application of
Rp. If for some compactly supported initial F € Ly(R?)"™*! the cascade algorithm converges in the L
norm, then the vector function obtained in the limit is an Lo(R?)"*!-solution of (4.2). The following
theorem gives necessary but sufficient conditions to guarantee that (4.2) has a solution in Lo.

Theorem 4.1. The cascade algorithm associated with the symbol P(w) converges in the Lo norm if
and only if P(w) satisfies sum rules of order 1, i.e.,

yrPRrM™TA) =0, k=1,....,m—1,

and the transition operator Tp satisfies Condition E.

Proofs can be found in [14, 23, 33]. Note that the requirement that P(w) satisfies sum rules of order 1
implies that the shifts of the solution ¢ of (4.2) reproduce polynomials of degree 0. For the converse
to hold true one needs some additional conditions on ¢, see [17, Theorem 2.4]. The following theorem

is the main result of the paper [19], and it can be used to estimate the smoothness of the solution to
(4.2).

Theorem 4.2. Let ¢ € Ly(R)™! be the normalized solution of (4.2) with symbol P(w). Suppose the
highest degree of polynomials reproduced by ¢ is k — 1. Let

Ey = {gm e gm M u) < k=2, r}U{m e u) < 2k},

with i1 = (1, ..., pa) € N, m=#/d .= m=m/d...m=ra/d qnd {ny, ... 0.} = spec(P(0)), where n = 1
and m # 1 for 1 =2,...,r. Here spec(-) denotes the spectrum. Define

pr = max{|v|: v € spec(Tp|y) \ Ex}.

If ¢ is Lo-stable then we have equality:

— dl
S¢ = —5 0oL Pk-

11



One can compute the spectrum of T'p|y by the formula
spec (Tply) = spec (b(Ma — ), gk »

where b(a) == m~! > pezd Az ® A,ip and ® denotes the (right) Kronecker product. The following
theorem is due to Dahmen [7].

Theorem 4.3. Assume that ¥ and ¥ are dual Riesz bases in Ly(RY) with compactly supported
basis functions. In particular the symbols P(w) and P(w) of the scaling functions ¢ resp. ¢ are
trigonometric polynomials (i.e. they have finitely supported masks (Aq)a, (Aa)a). Then the regularity
exponents of ¢ and ¢ are positive, and

W is a Riesz basis in H*(RY) <= —5% <5 <54,

W is a Riesz basis in H*(RY) «— —S¢ <5 <57

¢7

where S and sa) are the smoothness exponents of ¢ resp. (75

Theorem 4.3 is not always applicable because it assumes that c?) € Lg(Rd)TXI, which can be checked
by Theorem 4.1. Generally we do not know in advance whether our multilevel system W of the form
(4.1) is an Ly Riesz basis. Therefore, it is possible that the dual system only exists in distributional
sense in Ly which is not sufficient. In that case we cannot use Theorem 4.2 either to compute s &
This problem was solved by Lorentz and Oswald in [24] for the case r = 1. For the remainder of this
section we will treat here the more general case r > 1 which is a generalization of some of the results
in [24]. We prove the following theorem.

Theorem 4.4. Assume that the scaling function ¢ is of compact support, and generates a multires-
olution analysis ¥. Assume that the associated dual symbol P(w) is a function vector containing
trigonometric polynomials. Furthermore assume that the system ®° U WO is an Lo-Riesz basis of V1.
If s = —glogmﬁ < 0 satisfies —s < Seh with p = max{|v| : v € Spec(Tﬁ|H)}, then the multilevel
system W of the form (4.1) is a Riesz basis in H*(R?) for all s in the interval

—s<s< S
Furthermore, W is not a Riesz basis in H*(R?) for any s < —3.

First we introduce some notation and we prove some auxiliary lemmas. Suppose that (cq)q is a
sequence of r x 1 vectors, then we denote the periodic function vector

by the same letter. Likewise we have
cl(w) == Z clemiow,
acZd

We introduce the matrix function

L(w) := (PN 2rM T\ ,
(@) (@ +2mM T N))
which is invertible for all w € T if and only if {¢(z — ), (z — a), € Z%} is an Ly Riesz basis in Vi,
see [35, Theorem 13]. For our purposes this is satisfied, see Propositions 3.1 and 3.2. From (2.5) and
(2.8) we get

L (W) = (ﬁkk (w+ 27rM_T)\l)*) (4.5)

kleA

12



Lemma 4.5. Consider the unique decomposition of v1 € Vi:

v = ) ehg(M-—a) = v + w,
a€Zd
with
wi= S @0Te(— B eVy,  woi= 3 Y (@)T( - 8) € W

Bezd XeA Bezd
Then, with

clw) = ane_m'“’,

aczZd
d(w) = Z dgoe_iﬁ'w,
Bezd
we have that .
(M w) =m™ Y Plw+2eM TN e(w + 20M T, (4.6)
1=0

Proof. This is a straightforward generalization of Equation (41) in [24]. Some algebra using (4.2) and
(4.3) gives

Vo + wo = Z Z Z dﬁ )TAL Mg | (M- —a),

acZd \ €A pezd

=> > (A AL _mp

XeA Bezd

with A := A,. Hence,

Since Mg -w = - M”w we infer

=m Y ()T (M w)P(w).

AEA

Substituting the arguments w + 2rM ™1\, we get

CTw) = (T(w+2eM TN
m—1 m—1
= <Z ()T w) P (w + 2eM ™ T)\l)>
k=0 1=0

: m<<dkk>T<MTw>>k:o

= mDTMTw) LT (w),

m
. (P>"c (w4 2nM~T )
k,l=0

where CT(w) and DT (M7”w) are 1 x rm row vectors. We find that

D(M%w) = m 'L Y (w)C(w)
and (4.6) follows from (4.5). O
Let us define the two-level projection Q¢ : Vi — Vp by

1
Qov1 = o, v € Vi,

13



where v1 has a unique decomposition vg + wg with vy € Vi and wg € Wy. If the dual system U exists
in Lo, then this two-level projector can be written as

1, _ HM - —a)T J._
Qb= > (6O - —a)"01) S - —a).
aEeZd
By a dilation argument, we define Qj+1vj+1 = Q4(vj+1(M™9)) (M) for all vj4; € Vj, and Q;Jrk =

Q;HQ;ﬁ e Q;i],z_l These operators satisfy Q Qg+1 = Qf for all 0 < j < k < oo. We also define

the following norm on Cy(T)"*":

HT}%HH = Z sup{\eiTTﬁH(w)ej\},
S 1§i,j§r“)€T

with e;, e; the i-th resp. j-th column of I, and

TEH||
| | - IT5H ]
|78 ren 1H|

Lemma 4.6. For arbitrary k > 0 we have the norm equivalence

a5,

= HQO

~ HT~

oo

Proof. First we show that HQOHL HTﬁ*ITHoo . Define vg, v1 and wq as in Lemma 4.5. Then, by the

Riesz basis property of {¢(M7 - —a),a € Z4} and because {e’*“ a € Z% w € T} is an orthonormal
basis for Ly(T),

QA = sup 1280, 10,
> w0 g, c#0  lellpem
where
ldlzemy == D Ndjll,m
1<j<r

is the Frobenius norm of the function vector d(w) = [di(w)---d.(w)]T. Now we use Lemma 4.5 and
Holder’s inequality to derive that

m ||l
2
= mQHd(MT’)HF(M*TT)
m—1 2
= | Plw+2aM TN e(w + 2eM T )
k=0 FM-TT)
T m—1 r 2
— Z/ S Bjw+ 2rM- TN )ci(w + 2eM T A)| dw
=1 /M| 20 i
m—1 r m—1 r
< Z/ SO IPj(w +2rM- T)\k‘ > eilw +2rM- T)\k)| dw
M-TT \ 150 =1 k=0 i—1
T m—1 r
< DI Pjw+2aM A Py(w + 2eM T )
=11l k=0 i=1 Loo(M~TT)

r m—1
. cilw M~ T 2 w
5 [ (S otz raor)

14



m—1 r
= PJZ w+2eM~ TN\, P, i (w4 2rM T\ )™
k=0 14

<

lelZ e
Loo(M-TT)

<.
Il
—
I
-

m—1

D Pw+2rM T A)* Pw 4 2eM T A
k=0

<3

el

[y

H Lol - el

Thus we have HQ(I)H;

vector ¢(w) such that HQOH L HTﬁ* I"Hoo . To show this equivalence we first prove that, for arbitrary

]M Loo(M~TT)

IN

< H = HOO . Since Holder’s inequality is a sharp estimate we can find a function
Jj, there always exists a choice for ¢(w) such that

/M T

holds. Indeed, choose c;(w + 27M~T)\;) = a(w)Ej(w +27M~T)\;) for all w € M~TT and M\, € A,

with a(w) some measurable function on M~T'T, then
/ Z Z Pij(w 4 2eM-T g )c;(w + 2eM T ))
M= |20 i1

/M . <mzlz (w0 + 2eMT)| ) <mz:lzr:‘clw+27rl\/l ")) )d .

k=0 =1 k=0 =1

2
do =158, el @)

m—1 r

> Py(w+ 2aM T )ci(w + 20M T
k=0 =1

2
dw

m—1 r

Choose a(w) as the characteristic function of the set of all w € M~TT for which

bt

m—1 r

Pljw+27rM T/\k‘ (1—¢)

i (w4 2rM~ T)\k)‘

k=0 i=1 Loo(M~TT)

and let ¢ — 0. Then

/MT']T

1 r m—1 r
Z Pij(w +2rM~ w4 2rM-T)\;,) ‘ > ( !Ci(w + QTFM_T/\I@)‘2> dw
0 =1 k=0 i=1

T

m—
k=

Pyj(w + 27rM- T)\k)‘

m—1
k=0

which implies (4.7). If we treat r as a constant we find that

HCH%(T)

i=1 Loo (M—TT)

1751 el ~ mass |[T5.1],,

2
oo Nl
By the special symmetric structure of 75,1, we have that

max

s |75,

2 2 2
o el ~ s [ [TB] | ellby S mildi .

and thus ||Qé||2L2 ~ ||T5.1;|| - By iterating Lemma 4.5 one obtains
k2 k
”QOHL2 ~ HT~*IT’|’00
in the same way. For the convenience of the reader we present a proof for the case k = 2. Let

vei= 3 (BT O(M? - —a) eVa,  wii= D Y () P(M - —a) € W,

a€Zd AEN qezd
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so that v = v1 + wy = vg + wg + wy. From Lemma 4.5 we find

3

M) = mY T Plw+2eM TN A (w + 20M T A),

7T
1L

Mo MTw) = mTEY T Pw+20MTIN) 0 (w + 27M TN,

=0
and, by substitution,
m—1
d(M2Tw) =m? Z P(MTw + 2neM~™ T)\k) (wk ) pro (wk 1)
k,l=0
holds, with wy; :=w + 27M T\, 4+ 2aM 2T )\;,.. For ease of notation we introduce the r x r matrix

S(k,l,w) := lg(wk,l)lg(MTw +27M~ T\,
then
dM?Tw) = m™2 Z Sk, 1,w)* b (wy ).
k,l=0

Using the same techniques as before we deduce that

m?(|d|| B

= M) g

2
m—1

— Z S(k,1,w)* b (wy )
k,i=0 F(M-2TT)

2
r r

= Z/ SZ] k,l,wbowkl) dw
2T

=1 VM7 |0 =1

1 r m—1 r
ZS’J k,l,w‘ wkl‘ dw
i=1 k=0 i=1

'S8 / m—
G=1/M7HT A\ 72,

IN

r m—1 r 9
< ] . Ao
< 3| X S E L@ (kL) 1],
j=1|[k,1=0 i=1 Lo (M-2TT)
T m—1 r
* A 2
- 3OS Sk, 1 w) Sy (k1 w) Hb I,
j=1 ||k,1=0 i=1 Lo (M-2TT) T
T m—1 9
- Sk, 1,w)*S(k, 1,w) HW .
i=1 || | k,i=0 BT
7= = 53 1 Loo (M—27'T)
It is straightforward to check that
m—1
Sk, L, M2 w)*S(k, 1, M~ w)
k,l=0
m—1 _
PM T (w4 27A))* (T5.1,) (M_T(w + 27 Ak)) PM T (w+2m))*
k=0
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= TZI(w).

This shows that ||Q3 ‘T 2

H Ly S ‘ . Similar to the case k = 1 one can construct a function vector
o

¢(w) so that the estimates in the derivation above become sharp, hence HQ%HZ ~ HT»%*IT . This
o
concludes the proof for kK = 2. The lemma follows for general k by iteration.
Proof of Theorem 4.4. It follows from properties of the spectral radius and Lemma 4.6 that
. 2 _
+k —2sk/d 2 .
| @5 vya, S M foginl, . Gk €N, v € Vi (43)

Indeed, we have the equality p = limy_, H(T~ )kH;/)k . Choose an € > 0. The spectral radius of the

P‘H

operator (p+ €)' T|,, is strictly smaller than one. Therefore we find that

e

=0,

Jim (o7 Tl

such that for arbitrary k > 0 there exists a constant C, for which

|@+a7t 7l <
or
k ~ Ak
(sl s +on
Because I, € H and ||I,||,, ~ 1 we find from Lemma 4.6 that
etk 2 sk 2
| o, <Gt o,

By definition of s and by taking a sufficiently small € > 0 we find (4.8).

It is well known, see e.g. [29, Lemma 2|, that

£ 17 ~ I?fz ZmZ]S/d\Iv 17, (4.9)
Vj UJ

forall 0 <s<s & Because of the norm equivalence (4.9) it is sufficient to show that
inf m 5/ ;|17 m> 14 |(QF — Q] 1)vy
v EVjiwg=3" v JZ 7 L2 ;) H HL

for all —5 < s < s which follows from standard techniques as used in [10, 12, 28]. This equivalence
implies the H® Riesz basis property for the finite set

‘I’J = {¢(l’ — Oé)ﬂmj(d/Q_S)/dw)\(Mj:E - Oé), o€ Zdaj = 07 17 s aJ7 A€ A/}

Then we let J — oo to obtain the H® Riesz basis property for the (normalized) multilevel system W.

Now suppose that s < —3. Let s’ € (s,—35). Similar to the derivation of eq. (4.8) we can now find a

sequence vy € Vy with J — oo such that HngszLQ > m?s'J/d HvJH%Q . Using (4.9) we obtain

villgs S inf m?5/4 ||y m2/(s=s")/d v
loslle 5, int EJJ}: oyl S m2 = Qg |,
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J
S me Qg + o m Q) = @,
j=1

2J(s—s")/

The factor m @ goes exponentially fast to zero as J — oo. Therefore the equivalence

J
losllrs ~ 3 m@ (@) = @ )wall3,
7=0

does not hold. This establishes Theorem 4.4.
O

Remark 4.7. Q. Jiang and P. Oswald have written MATLAB routines for numerically estimating
smoothness exponents, see their papers [21] and [22].

5 Numerical examples

In this section we apply the theoretical framework of the previous sections to some example subdivision
schemes. We create subdivision wavelets with the lifting scheme and we investigate their stability. The
update method that we use is local semiorthogonalization with or without an additional constraint
that enforces a vanishing moment. In most constructions the wavelets are not a Riesz basis of Lo, but
they do extend the range of stability when we compare them to the non-updated wavelet system.

5.1 Wavelets from polyhedral subdivision

Polyhedral subdivision converges to the original polyhedron that covers M9. It does not provide any
more than a C% continuous surface. Any triangle in the mesh is split into four subtriangles using the
midpoints of the edges of the original triangle, see Figure 4.

Figure 4: Polyhedral subdivision of an icosahedron.

For each vertex k in the mesh M7 we have a piecewise linear scaling function gbi on M’ that takes the
value one at vertex k and that is zero at all other vertices, i.e. we simply have the hat functions over
M. Around regular vertices the scaling functions satisfy a refinement equation of the form

1
¢(x) = p(Mz) + 5 D ¢(Mz — k),
keKy
with
K, :={(0,1),(1,0),(-1,0),(0,-1),(1,—-1),(=1,1)}
and M := 2I,. It is well-known that s b= %, but this can also be computed from Theorem 4.2.

If we do not perform an update we simply have the hierarchical basis from [43] which is a Riesz basis
for H*(R?) for all s € (1, %) To enlarge the range of Sobolev exponents s we update a wavelet at a

18



V4

Figure 5: The update stencil for the polyhedral wavelet.

new vertex \ in MJ+1 by the four old vertices v1,...,74 in M as in Figure 5. Local semiorthogonal
lifting yields

) 11, . ) 1 .
i=¢&+1—%(¢%1+¢4y2)+@(¢%3+¢%4)

around regular vertices. The dual system satisfies a refinement relation of the form

~ 9~ ~ 1 ~
$(z) = ¢ 3 A - o5 3 G(Mr k) - S (M k)
kEKl ke Ko keKs
with
Ks = {(1,1), (—1, —1), (—1, 2), (—2, 1), (1, —2), (2,-1)}.
This can be computed from (2.4), (2.5), and (2.8). The dual symbol P(w) satisfies Condition E and we
compute in MAPLE that § := —%log,, p equals —0.254098..., with p := max{|v| : v € Spec(Tlg|H)}

From Theorem 4.4 we find that the multilevel system W is a Riesz basis for H*(R?) for all s €
(0.254098..., %) We do not have a Riesz basis for Ly. Figure 6 shows the scaling function and the
wavelet function.

-

v
¢ ¥

Figure 6: Hat function and corresponding wavelet from local semiorthogonal lifting.

Let us now add a constraint that forces the wavelets to have a vanishing moment. In this case we find
that

; 13, . ) 3 ) )
i=¢&+1—%(¢%1+¢4y2)+%(¢%3+¢%4)
and
~ 41~ 7 ~ 3 ~
¢()——¢Mm+—qu>Mw— ——Z(]I)(Ma:—k)—%z(;’)(Mx—k).

ke Ky keKq keKs3
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From Theorem 4.2 we find, using MAPLE, that s b= 0.328857... and the corresponding multilevel

system W is a Riesz basis for H*(R?) for all s € (—0.328857..., %), hence we do have a Riesz basis for
L. Figure 7 shows the wavelet function and the dual scaling function.

h o 4

(4 ¢

Figure 7: Polyhedral wavelet from local semiorthogonal lifting with a linear constraint that enforces
a vanishing moment, and the corresponding dual scaling function.

In [40, 41] an approach similar to local semiorthogonal lifting is used to stabilize hierarchical bases. The
resulting approximate wavelets are used to precondition linear systems that arise from the Galerkin
discretization of second order elliptic partial differential equations. For instance, consider the elliptic
problem

—Au+qu=f on Q:=]0,1]? Uy =0, (5.1)

with f(z,y) =2y(1 —y) +22(1 — ) + qz(1 — z)y(1 — y). Then u(x,y) = 2(1 — z)y(1l —y) is the exact
solution. The Ritz-Galerkin approximation u; € V' solves

a(uy,v) = (f, U>L2 . (ve Vj)v

with a(u,v) := (Vu, Vv) +q(u,v),. Here V7 is the space spanned by the shifts of the standard hat
function at resolution level J whose supports are contained in the domain {2 such that the homogeneous
boundary conditions are satisfied. Since a(u,u) ~ ||u\|§{1 (o for small g, exploiting the polyhedral
wavelets leads to uniformly well-conditioned stiffness matrices [9]. If the value of ¢ increases, the
zero order term starts to affect stability and we practically have a(u,u) ~ Hu||%2 (). The polyhedral
wavelets should handle this zero order term much better than the standard hierarchical basis, since
the wavelets form a Riesz basis of Lg. To solve problem (5.1) we employ a conjugate gradient method
and we discretize the problem with the suboptimal hierarchical basis (HB) of Yserentant [43], the
polyhedral wavelets with one vanishing moment that we have just derived, and the BPX preconditioner
from [2]. Tables 1 and 2 show the results for the cases ¢ = 1 resp. ¢ = 108. For each method we show
the number of iterations that are needed to reach the stopping criterion, and the spectral condition
number k of the system matrix for the linear system of equations that is solved. We always take a zero
starting vector, and we stop the conjugate gradient iteration if the £5 norm of the discrete residual is
smaller than 1077,

BPX Wavelets HB
# K # K # K
13 | 5.24 16 9.57 16 | 10.65
16 | 6.99 20 | 12.66 24 | 19.64
18 | 8.22 23 | 14.88 32 | 32.04
20 | 9.19 25 | 16.50 39 | 47.41
21 | 9.97 26 | 17.74 46 | 65.74

O U W= | WO DO

Table 1: Iteration history for problem (5.1), ¢ = 1.
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BPX Wavelets HB
# K # K # K
13 8.25 22 | 14.62 23 108.24
18 | 12.60 30 | 19.40 56 607.60
21 16.74 34 | 23.90 120 3.13e+3
24 20.76 39 27.74 223 1.53e+4
27 | 24.68 43 31.04 456 7.25e+4

O U x| W

Table 2: Iteration history for problem (5.1), ¢ = 108.

5.2 Wavelets from Hermite piecewise cubic spline subdivision

Consider the piecewise cubic Hermite splines defined by

- (x4 1)%(=22x+1), z¢e[-1,0]
¢1(z) = { (1—-2)2z+1), 2z¢€][0,1]
_ @+’ ze[-1,0]
¢a(x) = { (1-z)%z, z€[0,1]

027768 06 64 02 0 0z 04 06 08 027768 06 64 02 O 0z 04 06 08

o1 ®2

Figure 8: Piecewise cubic Hermite splines.

which interpolate function values and first derivatives at the integers. Define the generator ¢(x) =
(¢1(x), po(x))T. Then ¢(x) satisfies the refinement equation

¢<w>=[_%% _%%]¢<2x+1>+[é g}wzx)[i jngx—n,

2
the update stencil for a new vertex A in M+ by the two neighbouring old vertices v; and o as in
Figure 9. Local semiorthogonal lifting gives

and S = 5. The wavelets can be represented by the generator ¥ (x) = (¢1(z),2(x))?. We define

491 1939 491 —1989
w<w>=¢<2x—1>—[% %]M—[% %}p(w—n.
4484 1121 4484 1121

Figure 10 depicts the wavelet functions. From (2.4), (2.5), and (2.8) we compute that the dual scaling

A

Te W 72

Figure 9: The update stencil for the piecewise cubic Hermite spline wavelet.
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Figure 10: Piecewise cubic Hermite spline wavelets from local semiorthogonal lifting.

functions satisfy a refinement relation of the form

~ —35753 —10787 7 _ 491 255 7 _
¢<x>={ i }¢<2x+2>+{_1118§9 2 ]¢<2x+1>

65018 130036 551 1121

9471 0 _ 491 —255 7 _ —35753 10787 1 _
| W g [ S0+ | BB TR G201+ | TR Y | b0 -2

0 65018 551 1121 "65018 130036

The dual symbol ﬁ(w) satisfies Condition E and we compute in MAPLE that s := —%logm p equals
—0.026490..., with p := max{|v| : v € spec(Tﬁ‘H)}. From Theorem 4.4 we find that the multilevel
system W is a Riesz basis for H*(R) for all s € (0.026490..., 3). We do not have a Riesz basis for Lo.
If one adds a linear constraint to the update that forces the wavelets to have one vanishing moment
one will find that the corresponding dual symbol Jg(w) does not satisfy Condition E. Hence, the dual
functions do not exist in distributional sense in Ly and Theorem 4.4 is not applicable in this case (one
will find that —s > s¢).

5.3 Wavelets from the tangent scheme

The tangent scheme [38, 39] is a subdivision scheme that yields C'! continuous surfaces and it is
based on uniform Powell-Sabin spline subdivision. For each vertex in M we have a control triangle
tangent to the subdivision surface instead of a control point. Hence we can associate three scaling
functions with each vertex in M7, one for each vertex of the control triangle. The main advantage of
this subdivision scheme is that one can choose the values of the tangent vectors in the vertices of the
initial polyhedron M, see Figure 11. Around regular vertices uniform Powell-Sabin spline subdivision
rules [42] are used. Therefore, in the regular regions the three scaling functions that can be associated
with a vertex are Powell-Sabin splines [31]. They satisfy a refinement relation of the form (4.2) with
M := 2I,, and where A(_; _y) and A _1) are given by

1 1 0 2 1 1 00

o112, =l20 2],
0 00 4 0 01
A 1,0 A, and A ) are given by

1 1

e
DN O
o = O

02 2 41 1
01 0], 14 11,
001 11 4
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Figure 11: With the tangent scheme the normal on the limit surface in the vertices of the
polyhedron M can be chosen in advance.

and A (1) and A1) are given by

120 1 oo
“foool|, =lo 10
Y10 21 419 92 0

One can compute, using MAPLE, that Sp = %

initial

If we do not perform an update we have the hierarchical basis from [27] which is a Riesz basis for
H*(R?) for all s € (2, %) To enlarge the range of Sobolev exponents s we update the three wavelet

functions at a new vertex A1z € M+ by the six neighbouring coarser scaling functions associated
with the vertices 1 and 9 in M7 as in Figure 12. Local semiorthogonal lifting yields a dual symbol

73

Figure 12: The update stencil for the tangent scheme wavelet.

Ig(w) that does not satisfy Condition E, hence Theorem 4.4 is not applicable. Local semiorthogonal

lifting with a linear constraint that enforces a vanishing moment yields

—10815353 489004135 489004135

g | CRBNE WRRE R |
e T P T | TRG IRORU WE | O
148171728 3370906812 4494542416
52104049 —71233997 —71233997
R e
W BRI Twh |
1926232464 1685453406 4494542416
734318841 —20302895 179538083
e | AN TRUNS R |
R e

3370906812 148171728 4494542416
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—164964803 681707773  —247462325
| 9393040 1930318451 LOBpddifd &
1Pt DR 19N | e
1685453406 1026232464 4494542416
734318841 179538083  —20302895
s gy BB LR |
At Ta SRR A LRNR 73
1026232464 1926232464 37042032
164964803  —247462325 681707773
| 2k LGRRIRN et &
10Bpdodage 1191943349 19305516t | T
1026232464 1026232464 481558116

Figure 13 shows a scaling function and a wavelet function.

1€ P

Y €Y

Figure 13: Powell-Sabin spline scaling function and corresponding wavelet from local semiorthogonal
lifting with a linear constraint that enforces a vanishing moment.

The dual scaling functions satisfy a refinement relation of the form (4.4) where A(—27—2) and A(Q_z)

are given by

=37 37 = —417301265 1494625759 ~ —212816425 1488078047
R A e o
GO v A T O
24695288 4494542416 1926232464 13483627248
1&(_17_1) and 11(07_1) are given by
734318841 179538083 489004135 —164964803  —71233997 494924650
AR BN ARMG01AS LS 110071 O i
SROOOL UGG NGRS || CNISRL HRER NSNS |
37042932 37042932 9260733 842726703 481558116 1123635604
A(_270), A(—l,O)a A(O,O)a A(l,O) and A(270) are given by
366180055 —366180055  —366180055 52104049 681707773 681707773
B3 o i 71yt O 2 S s 10 P 5 1)
TARIEG,  RUREY 181008 | T AU Lgihight  Sielstlsgs |
1926232464 4494542416 13483627248 481558116 842726703 1123635604
1668011164  —40250807  —40250807
SRCAORDY  fasoitier 20380807
SI0p507 SRR ottt |
3370906812 3370906812 842726703
—10815353  —20302895  —20302895 20302895 0 0
488001135 AAASERR YRR NP s a7
IShE0RIAS  AMMGES LR || EPAESs WP 2% |
481558116 842726703 1123635604 642077488 336 336
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1&(0,1) and 11(1,1) are given by

734318841 489004135 179538083 —164964803  —494924650 —T71233997
Ug0505858  0AEhE  Shonedts B 1710 (R V.
0038085 as8000Tds MRS || BRME WA SR |
842726703 481558116 1123635604 481558116 481558116 120389529

and finally :&(0,2) and K(2,2) are given by

—37  —417301265 37 1494625759 1488078047  —212816425
336 642077488 336 13483627248 44945424 1926232464
0 bSsEE 0 RAGY 1181028 LRI
24695288 v | 4494542416 13483627248 1926232464
37 AdrhAses 37 a0t s 15 0t 3
336 642077488 336 481558116 481558116 963116232
The dual symbol P(w) satisfies Condition E and we compute in MAPLE that s := —% log,,, p equals

—0.431898..., with p := max{|v| : v € spec(T];‘H)}. From Theorem 4.4 we find that the multilevel
system W is a Riesz basis for H*(R?) for all s € (0.431898..., %) We do not have a Riesz basis for L.

5.4 Optimization on uniform grids

The previous lifting constructions are general in the sense that they apply to non-uniform meshes
of arbitrary topological type. The lifting coefficients from local semiorthogonal lifting vary with the
underlying non-uniform mesh. For many applications it is however sufficient to work on uniform grids.
In such a case all lifting computations can be done in advance, and smarter ways exist to construct
wavelets, see, e.g., [15, 16, 17]. The lifting scheme allows us to create wavelets with certain properties
such as vanishing moments, symmetry, etc. The remaining degrees of freedom can be chosen in such
a way that the range of stability is as large as possible by solving a minimization problem. Let us
demonstrate this principle with an example. Consider the piecewise Hermite cubics from Section 5.2.
The update stencil for the wavelets is as in Figure 9, so we get

Br P B3 P4

Suppose that we want two vanishing moments, 11 has to be symmetric and - has to be anti-
symmetric. Then we need 6 degrees of freedom to satisfy these properties. Hence 2 degrees of freedom
remain and the dual generator ®(x) satisfies the refinement equation

U(z) = (22 — 1) — [ ar a2 ] O(z) — [ a3 a4 ] O(z — 1).

~ _4%_% _%_% ~ 1 1 _ 482 7
d(z) = O(2x +2) + 2 30 15 ]@2x+1
( ) |: as + % a2—2|—,62 :| ( ) |: —2062 2/82 ( )
29 | 20
20 5 d(2
+[ 0 4—a2+62:| (l’)

3wt | 0 5 601 15
2 1 _
- [ 20 2By } PEe—D+ [ i wflh
Theorems 4.3 and 4.4 characterize the range of stability, and Theorem 4.2 tells us how to compute the
smoothness of ®(z). We use the minimization toolbox in MATLAB to compute the optimal values
(i.e. those values that give the largest range of stability) for the two remaining degrees of freedom vy
and By . We find ag = 1—71 and [y = —%, or

\IJ(:U):<I>(2$—1)—[_%_9 1712]@(:0—[ %90 :zh(gg—l).

These wavelets are stable for H*(R) with —0.828823 < s < 2.5. Figure 14 visualizes the constructed
functions. Note that these cubic Hermite spline wavelets are similar to the ones constructed in [8].
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Figure 14: Cubic Hermite spline wavelet on R

We conclude with a last example. Let us try to construct linear wavelets in R? on the hexagonal
lattice. We want them to have two vanishing moments, and we want hexagonal symmetry. If we use
the same setting as in Section 5.1, then we initially have

Vix = Qjrin — M Pjyy — Q20 ny — A3Pj x5 — AP,

After some straightforward algebra we find that, in order to satisfy our wish list, we need three degrees
of freedom out of four. Hence we keep one degree of freedom to stabilize our wavelet. The dual ®(z)
satisfies

O(z) = (4-1200)(Maz)+4ay Y ®(Mz— k) + (201 — %) > (M — k)
keKy keK>

(2 — day) 3" &Mz~ k), 2 € R

2
keKs
The optimal value for o is computed with the optimization toolbox of MATLAB and we find a1 = %.
The resulting wavelet

3 1
Yin = i~ 15 (Pim + Pine) + 75 (Pis + Pin)

is the same as the one constructed in [5] and the multilevel basis is a stable basis for H*(R?) with
—0.440765 < s < 1.5.

Obviously in such situations one needs to be able to compute the spectral radius of the transition
operator in an efficient way. One can for instance take into account the symmetry of the mask to
optimize the computations. We refer to [13, 16] for more details.
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