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Orthogonal rational functions on the unit circle:
from the scalar to the matrix case

A. Bultheel* P. Gonzdlez-Veral E. Hendriksen! O. Njastad®

Abstract

The purpose of these lecture notes is to give a short introduction to the theory of
orthogonal rational functions (ORF) on the unit circle. We start with the classical
problem of linear prediction of a stochastic process to give a motivation for the study
of Szegd’s problem and to show that in this context it will turn out that not as much
the ORF but rather the reproducing kernels will play a central role. Another example
of rational Krylov iteration shows that it might also be interesting to consider ORF on
the real line, which we shall not discuss in these lectures.

In a second part we will show that most of the results of the scalar case thanslate
easily to the case of matrix valued orthogonal rational functions (MORF).

There are however many aspects that are intimately related to these ideas that
we do not touch upon like continued fractions, Nevanlinna-Pick interpolation, moment
problems, and many other aspects of what is generally known as Schur analysis.
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Part 0: Motivation

1 Why orthogonal rational functions?

We want to give a summary of known results about orthogonal rational functions (ORF)
with respect to some measure whose support is contained in the unit circle of the complex
plane. But before we start, we want to give some motivation of why it may be interesting
to generalize orthogonal polynomials to ORF for which the poles of the successive rational
functions of increasing degree are taken from a preselected sequence of complex numbers.

1.1 Linear prediction

Consider a discrete time stationary stochastic process {y, }nez. The index n denotes a time
instance. Stationarity means that ur = E{y,7,_,} is independent of n. We suppose that all
the y,, are zero mean, identically distributed. A problem considered already by Wiener is to
predict y,, at instant n from observation of the preceding ¥, _x, kK > 1. Thus we want to find
coefficients ay such that y, is predicted by 3, = — ZZOZI aiYn_ sSuch that we minimize the
energy of the prediction error or innovation process e, = > ;- axyn—r where ag = 1. That
is we want to minimize the expected value E{|e,|*}

Because in the space spanned by {y, }nez, we can consider E{z%} as an inner product of
x and y, we can formulate the previous problem by saying that we look for the orthogonal
projection of the present onto its past. Modulo some technical details, it can be shown that
this problem can be reformulated in an L, setting as an infinite dimensional least squares
problem, i.e., finding the projection of 1 onto the space H, spanned by {271,272, ...} in the
Hilbert space La(p) of the unit circle where the orthogonality measure is the spectral measure
of the process (the trigonometric moments of this measure are the p, introduced above). The
result is that the optimal predictor is given by the spectral factor of the spectral measure.
Suppose for simplicity that the spectral measure is absolutely continuous with weight w(e™),
then the spectral factor is the function o(z) which is the outer spectral factor of w (o and
1/0 are analytic outside the unit disk, and satisfy |o ()| = w(t) for |t| = 1).

There are two ways one can think of to solve this problem. Either we project 1 onto
subspaces £ of H, of dimension n = 1,2,... and let n tend to oo, or we can solve the
trigonometric moment problem to find the spectral measure and subsequently or simultane-
ously do a spectral factorization.

If we assume that the value of ¥, is mostly defined by the near past and much less by
a past that is longer ago, then a natural choice is to take £, = span{z~',...,27"}. So
the optimal predictor of this finite dimensional problem is to find the polynomial ¢, (z) =
> r_oaxz ¥ with ag = 1 that has minimal norm in Ly(p). This is known to be the reciprocal
of the monic nth orthogonal polynomial. From the classical Szeg6 theory, it is known that
(under appropriate conditions on the measure) these orthogonal polynomials converge (up
to a constant) to the outer spectral factor of the orthogonality measure (whose inverse is
often called Christoffel function in this context). Thus solving the projection problem leads
asymptotically to a spectral factor of the measure. For practical applications though we do
not want n to be very large, since that would need long and expensive filters. So we stop this
process with a finite n, and hope to have a good approximation. It is not difficult however
to find a simple example that requires a very long filter to get a reasonable approximation.
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Suppose y, = — > ooy @Y,k Thus the predictor is 1 +a/z +a?/2* +--- =1/(1 —a/=2).
If |a| is close to 1, then the sequence a* will decay very slowly, and we shall need a high
degree polynomial ¢,, to obtain a good approximation. If however, we know from observing
the FF'T of the observations, an estimate a of a, then a filter expanded in terms of powers
of (1 — a/z) might need only a couple of terms to give a good approximation. For a more
complicated behaviour of the spectral density of the process, one might need more poles
to get an accurate model and in such a case a rational approximant from span{l,1/(1 —
a1/z),1/[(1 — a1/2)(1 — ag/z)],...} will be a better option to model the system.

1.2 Krylov subspace methods

If A is a linear operator on a Hilbert space H (e.g., a large N x N matrix operating on
RY) and v € H, then the space K, 1(A,v) = span{vy,...,v,} with v, = A*v, is called a
Krylov subspace. To solve a linear equation Az = b or an eigenvalue problem for A, the
problem is projected onto a Krylov subspace of finite (i.e., low) dimension (n < N in the
matrix example) and this low dimensional problem is solved to give an approximation to
the original problem. To compute the projection, an orthogonal basis is constructed for the
Krylov subspace. Clearly, the (k + 1)st orthogonal vector ¢; has to be a combination of the
the first & + 1 vectors in the Krylov subspace. Hence it is of the form ¢, = ¢x(A)v with
¢r(2) a polynomial of degree k.

Exercise 1.1 Suppose that A is real self adjoint and positive definite, then prove that the
orthonormality ¢} ¢, = ) is equivalent with the orthogonality of the polynomials (¢, ) =
dr with respect to the inner product defined by (¢, 1) = L(prpi) where the linear functional
L is defined on the space of polynomials by its moments m;, = L(z*) = vTA¥v. Note that
the metric for the standard basis {1, z, 2%, ...} is a Hankel matrix whose rank can not be
larger than N, the size of A. &

Thus in the classical Lanczos method for symmetric matrices, the three-term recurrence
relation for the orthogonal polynomials leads to a short recurrence between the successive
vectors ¢, meaning that ¢, can be computed from ¢, _; and g,_», which does not need a full
Gram-Schmidt orthogonalization.

However, computing the vy, is like an application of the power method and therefore, the
v will quickly converge to an eigenvector corresponding to a dominant eigenvalue. Thus,
if we want an eigenvalue in the neighborhood of «, then we should not iterate with A, but
with B = (A — al)~!. The rational Krylov method (RKS) of A. Ruhe [26, 27, 28] allows
for a different shift o in every iteration step. Thus vy = (A — agl) 'vg_1, or even more
generally vy, = (A — 03 1)(A — i I) " 'vy_q, where ay is used to enforce the influence of the
eigenspaces of the eigenvalues in the neighborhood of «y, while o} is used to suppress the
influence of the eigenspaces of the eigenvalues in the neighborhood of o,. Anyway, this
construction of vy means that we may write vy as vy = ry(A)v with r, a rational function
of the form pp(z)/[(z — 1) -+ (2 — ay)] with p, a polynomial of degree at most k, so that
after orthogonalizing v, with respect to the previous vectors, we obtain a vector g, = pr(A)v
where ¢ (2) is again a rational function of the same form as ri. pr(2)/[(z —a1) -+ (2 — ag)]
with p, a polynomial of degree at most k. Since the classical moment matrix has a Hankel
structure, this theory will be related to orthogonality on the real line.

Skipping all the technical details, it will be obvious that orthogonality of the g, will lead
to some orthogonality of the rational functions ¢g. Again, a simple recurrence of the ORF



lecture notes leganes - July 16, 2004 5

will lead to an efficient implementation of the RKS.

1.3 Numerical quadrature

One more example, before we dive into the general theory of ORF.

To compute an integral fab f(z)w(z)dz, it is well known that a quadrature formula of the
form Y1, Arf(&) will be exact for all polynomials of degree up to 2n — 1 if the abscises
of this quadrature formula are the zeros of the polynomial ¢, which is the nth orthogonal
polynomial orthogonal with respect to the inner product (f,g) = f; f(z)g(x)w(z)dzr, and if
the weights are given by the corresponding Christoffel numbers A\, =1/ Z?:_(} lor(&6) %

However, if the integrand f does not behave much like a polynomial, some other quadra-
ture formula can be better. For example if we want to integrate f(z) = sin(z)/p,(x) over
the interval [0, 7/2] with w = 1. If p,(z) is a real polynomial with complex conjugate pairs
of zeros that are close to the interval of integration, then it would be much better to have
a quadrature formula that is exact for all rational functions of degree n that have poles
close to the zeros of the polynomial p,. Using ORF for the interval [a,b] with respect to
the weight w, with prescribed poles, it is possible to derive formulas that are similar to
the Gaussian formulas, i.e., taking for the nodes the zeros of the ORF ¢, and as weights
A =1/ Z;:Ol lor(&)|?. These quadrature formulas will be exact in a certain space of di-
mension 2n — 1. It is clear that this should lead to much more accurate results in examples
like we described above.
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Part I: The scalar case

2 Orthogonal rational functions on the unit circle

We give in part I an introduction to the theory of ORF for a measure that is supported on
the unit circle of the complex plane. All the results of this part (and more) can be found in
the monograph [3].

2.1 Preliminaries
We denote
D={z€C:|z| <1}, T={z€C:|z|]=1}, E={z€C:|z|>1}.

For any function f we introduce the parahermitian conjugate f., defined by f.(z) = f(1/%Z).
Note that for t € T, f.(t) = f(¢).

Let u be a probability measure on T with infinite support and Ly(p) the Hilbert space
with inner product (f,g), = [ f(t)g(t)du(t). If du = d) is the normalized Lebesgue measure
d\ = dt/(2m) we drop p from the notation. The trigonometric moments are denoted by
c, = [t7Fdu(t), k € Z.

Introducing the Riesz-Herglotz kernel

t+z

D(t,z) = .

we can associate with p its Riesz-Herglotz transform

Q,(z) =ic+ /D(t,z)d,u(t)
with ©,(0) = 1+ ic. This Q, belongs to the class C of Carathéodory functions
C={fe€ HD):Ref(D) >0}
where H(D) denotes the functions analytic in D.
Exercise 2.1 Prove that
Re®(2) = [ P(t.2)du(t)

with Poisson kernel

1 _— t(1 —1z]?)
P(t,z) = =|D(t D(1/t = 2.1
(t:2) = 51D(.2) + D(I/EA)] = 2oy s (2.)
which can be simplified for t € T as follows
— |2
P(t,z) =ReD(t,z) = -l teT, z€D.

Moreover with ¢, = [t *du(t)

Qu(2) =co + Qchzk, (co=1)
k=1

and the nontangential limit of Re(2,(z) when |z] — 1 is a.e. (d\) equal to p’ which is the
density function of the absolute continuous part of . &
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Let Hy(D) be the classical Hardy space of functions analytic in D that have a boundary
value on T that is square integrable. Every function f € Hy(DD) has a canonical inner-outer
factorization. This means that it can be written an f = UF with U inner and F' outer. An
inner function belongs to the class of bounded analytic functions

B(D) = {f € HD) : f(D) C D}

and |f(t)] = 1 a.e. on T. A Blaschke product is an example of an inner function. It is

defined as B(z) =[], ¢.(2) with

S zn:—“)‘—”, a, € D\ {0}

—_ )
1—a,z o,

Cn(Z) = Zn

and z, = 1if o, = 0. It is well known that a Blaschke product converges (to a finite function
not identically zero) if and only if

3 (1 Jan]) < oo

n

which means that the |a,| should approach 1 fast enough.
Any inner function is of the form

U(z) = €"B(2)S(2), vER, S(z)=exp {— / D(t,z)du(t)}

with v a bounded positive singular (v = 0 a.e.) measure and B a Blaschke product that
catches all the zeros of U.
An outer function in Hy(D) is a function of the form

F(2) = e exp { / D(t, 2) log@b(t)d)\(t)}, v eR

where log € Ly and ¥ € L.
If log ' € Ly (Szegd’s condition), then we may define the spectral factor of u

o(z) = cexp {%/D(t, 2) log;/(t)d)\(t)} , ceT, zeD.

This constant can be fixed by requiring for example that ¢(0) > 0. It is an outer function,
uniquely defined up to a constant ¢ € T. It has a nontangential limit to the boundary T
that satisfies |o(t)]? = u/(t), a.e., t € T.

Exercise 2.2 Prove that

0(2)] = exp {/ P(t, 2)log u’(t)d)\} |
O

More about the material in this section can be found in many textbooks a.o. [8, 16, 15, 14,
25, 30].
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2.2 The fundamental spaces
We select a sequence {ay}2, C D with ap = 0 and define the partial Blaschke products

Z—«
b n>1.

1—akz7

By=1, Bu(2)=Bu1(2)Gu(2) =[] =

The functions {By, By, ..., B,} span the space

L, = p—”:ﬂnz: 1 —a2), anPn} 2.2
{% @ =]I0-m) 22)
where P, is the space of polynomials of degree at most n.

If we set all ap = 0, then £,, = P,. In that case the Gram matrix of £,, for the standard
basis is a Toeplitz matriz with entries (2*,27) = ¢;; where i,j = 0,...,n. If all the oy, are
mutually distinct, then the Gram matrix for the basis {1,1/(1 —@;2),...,1/(1 —@,2)} has
entries

< 1 : > = ;/ [D(t,ozi) + D(t, ozj)} du(t) = 19 () + Qu(aj)'

1— @iz’ 1-— ajz 2(1 — Eiaj) 2 1— ajOéi

Such a matrix is called a Pick matriz.

Exercise 2.3 If 0¥ denotes the kth derivative with respect to the variable w, prove that

Q&k)(w) =0k, (w) = /GZD(t, w)dp(t) = 2(k!) / %

and

Qﬂm:/%mmmmy
<&

In the more general situation where we want to construct a Gram matrix for the space £,
for fixed n and where some of the of the ay are repeated, then we can rearrange them so
that equal oy are grouped. We can then take the basis consisting of functions of the form
1/(1 —agz),...,1/(1 —agz)" if oy is repeated vy times, and similarly for the other a;.
Technically, it is rather difficult to write a general expression of an entry in the Gram matrix
for such a basis, but with the help op the previous exercise, one can show the following.

Exercise 2.4 Suppose that there are m+1 different «v, . . ., vy, (recall ag = 0) which appear
with multiplicity vy, ..., v, respectively with Zﬁo v; = n + 1, then the Gram matrix for
the basis of £, that we just mentioned will only depend on Q,(f)(ai), E=0,...,u—1,
1t =20,...,m. We could call this a generalized Pick matrix. &
Whatever the basis is that we choose for L£,,, it will always be similar to a Toeplitz matrix.

Theorem 2.1 IfW = [wy, ..., w,|" is a basis for L, with Gram matriz G,(W) = (W, W>u =
[(w, wi) Ik 1=, then there is a Toeplitz matriz T' and an invertible matriz V' such that
VG, (W)VH =T

Proof. Note that we may always choose the basis {(;(z) = 2*/m,(2) : k = 0,...,n} with
mo(2) as in (2.2). Note that the Gram matrix for this basis is Toeplitz, whose entries are
trigonometric moments for the measure du(t)/|m,(t)[>. Since every basis transformation is
represented by an invertible matrix, the theorem follows. O
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2.3 Reproducing kernels

Suppose {eo,...,e,} is a basis for L, orthonormal with respect to u. Then k,(z,w) =
Yoo er(2)e (w) is a reproducing kernel for £,,. Le., (f(-), ku(,w)), = f(w) for all f € L,
and w € D. If f € £, with m > n, then (f(-), k:n(-,w)>u gives the orthogonal projection of f
onto L,. Both observations follow immediately by writing f as a linear combination of the
er and using the orthonormality. Note that the reproducing kernel is unique. The previous
expression does not depend on a particular choice of the orthonormal basis. For example,
it is immediately seen that if {ex} is an orthonormal basis for £, then {B,ex.} is also an

orthonormal basis because B,ei, € L,, for k=10,...,n and
<B €k*7B 61* /’B ( )du( ) <el7ek) = 5;6,;.
Therefore, by using By, (z)exs(2) = By (2)ex(1/Z) as orthonormal basis:

kn(z,w) = By, (2)B(w) Zek(l/z)ek(l/w) = B, (2)B,(w)k,(1/w,1/Z).

By using a basis transformation, one may express k,(z,w) in terms of any basis for £, as
follows.

Theorem 2.2 If E,(z) = [eg(2), ..., en(2)]T represents any basis for L,,, then the reproduc-
ing kernel is given by
-1 Gn  En(2)

k:n(z,w) = mdet En(w)H 0

where G,, = (En,En)M is the Gram matriz of E,. The superscript 1 refers to the complex
conjugate (Hermitian) transpose.

Proof. Let F,, = VE, with V invertible be a column of orthonormal basis functions. Then
I = (F,,Fo), = V(B E,), VT = VG,V so that G,' = V7V and thus k,(z,w) =
F(w)?F,(2) = E,(w)?VAVE,(2) = E,(w)?G, ' E,(2), which proves the theorem. O

From now on, we shall use the notation ¢, for the orthonormal basis for £,, that is ordered
such that ¢pg = 1 and ¢y € L4\ Ly for k = 1,2, .... Using the partial Blaschke products By,
which also form a basis, we can write ¢,, = @y nBp+anpn_1Bp—1+- - +an1B1+a,o. We shall
denote the leading coefficient a,, ,, (with respect to the basis By) by k,. Since ¢,, is uniquely
defined up to a constant of modulus 1, we can fix ¢, uniquely, for example by assuming
that ,, > 0, which we shall do throughout this lecture. Note that the trailing coefficient
ano (with respect to the basis By) is given by ¢, (aq). To derive a similar notation for the
leading coefficient, we need a generalization of the reciprocal function. We shall denote it by a
superscript *. In general we set for any function f € L,,: f*(z) = B,(2)f«(z). Note that the
superstar notation is ambiguous since it depends on the n that is considered. So a notation
like fI" instead of f* would be more appropriate. However, in order not to overload the
notation, if not explicitly mentioned, it should be clear from the context which n is intended.
Note that with this notation we have ¢} () = K, > 0. We can now immediately write down
as a consequence of the previous theorem:
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Corollary 2.3 If the ¢, = k, B, + - - - with k, > 0 are the orthonormal basis functions for
L,, as introduced above and k,(z,w) is the reproducing kernel, then k,(z, ay,) = k@5 (2) and

kn(ain, o) = K2,

Proof. Exercise. O

The following Christoffel-Darboux (CD) relations hold:

Theorem 2.4 With the notation just introduced we have

Gni1(2)07 41 (W) = Pnia (2)Ppr (w)
1-— Cn+1(Z)Cn+1(w)

¢ (2) 05 (W) = Ga(2)Gn (W) P (2) o (w)

I gn('z)Cn(w)

If z=w =1 €T, then one may pass to the limit which will introduce derivatives:

kn(z,w) =

- .~ ’

P(t, a1 )kn(t,1) = (@1 () Pnra(t) = Gppr ()71 (1)),
with P(t, z) the Poisson kernel (2.1).

Proof. Because the numerators and denominators of the expressions in the right hand side
vanish for z = 1/w, this zero cancels out and the right hand sides are in £,, as a function
of z. Using k,(z,w) = B(2)B,(w) >} _y Pk«(2)dps(w) (which follows from Theorem 2.2) we
may write
knt1(z, w) kn(z, w)
Bpi1(2)Bui(w)  Bn(2)Bu(w)

Multiplying by the denominator gives

= Pini1)+(2) D (1) (W),

Fn(2,0) + Oni1(2)Pni1(W)] = Cuy1(2)Cupr(w)kn (2, w) = ¢;+1(Z) Z+1(w)

which gives the first formula when z and w do not coincide on T. The other formula is
obtained when in the previous formula we replace n by n — 1 so that

kn (2, W) 4 Co(2)Gn (W) [P (2)Pn(w) — kn (2, w)] = ¢7,(2) 07 (w)

from which the proof follows. The confluent case is left as an exercise. a

It can be seen that this relation does not depend on the fact that all ay € D.

Note that if we set ¢y = pp/mp with mp(z) = Hf:(](l — @;z), then the py do not form an
orthogonal polynomial sequence w.r.t. a positive measure, so that the theory of ORF is not
quite the same as the theory of orthogonal polynomials w.r.t. a varying measure. With the
CD formula, setting z = w, it is not difficult to derive the following property.

Theorem 2.5 For alln > 0, ¢:(z) # 0 for = € D (hence, ¢n(2) # 0 for z € E) and
|0n11(2)/ 9741 (2) <1, (=1,> 1) for z€ D, (T,E).

Proof. Exercise. O
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2.4 Recurrence relations
The kernels satisfy a fundamental recurrence relation

Theorem 2.6 The kernels satisfy (superstar w.r.t. z)

{ ki (2, w) 1 = t(2,w) { ZZ_I(Z’M) }

En(z,w) n-1(2,w)
om0 [ T

e = (1=1pa)™
Pn = pn(w) = dn(w)/d;(w)
T = 'Vn(w) = _Cn(w)pn(w)'

with

where

Proof. The CD relation implies

ka2, w) = G203 (W) + Gal2)Ga(w) ko (2, 0).

Multiply this with p,(w) and substitute (superstar w.r.t. z)

¢Z(z)¢;(w)pn(w) = k;:(zu ’LU) - Cn(z)k;—1<zaw>

to get

kn('z? w)pn<w) = Cn(z)gn(w)knfl(za w)m + kjL(Z? w) - Cn(z)k;—l(zv ’LU).

Take the superstar conjugate of this relation and solve for kX(z,w) and k,(z,w) and the
result follows. O

The CD relation also implies a recurrence relation for the ¢,.

Theorem 2.7 The orthonormal functions satisfy

Rari Rl ban]

_ 1 — |y, |2 1 1—an_1z{n,g OH 1 Xannl(z) 0}7

1— |&n—1|2 1-— |An|2 1_5712

with
1— an—lOén Qﬁ:l(o‘n—l) - 1— anOén—l ¢n(an—1)

1 —|ap_1]? Ko, e K

En — Zn
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gn n\Qn— 1-— _n— n
>\n =Zp1— = 7]711¢ ( ) € ID) 77711 = ZpZn-1 g 1 € T;
En ¢ (an—l) 1- QpQin_1
1- QpQp—q Qs;;(an—l)
11— @pan-1| |65 (an1)|

Proof.(sketch) From the superstar conjugate (w.r.t. z) of the CD relation we find

O (2)Pn(n—1) — On(2)d) (n-1)
Cn(anfl) - Cn<z>

The superstar conjugate of this relation is

O (2) 5 (n 1) = Pn(2)Pn(n 1)
1— Cn(z)én(anfl)

Eliminate ¢’ (z) between these two relations and the first form of the recurrence for ¢, (z)
is obtained. The second one follows immediately from this because the CD relations imply
(162 (2)* = |6n(2)[?) /(1 = |¢a(2)]?) > 0 so that ¢*(an_1) # 0 and A\, € D. For the third
one, recall that k, = ¢’ («,), and use again the CD relation with z = w = «, to obtain the
appropriate factor in front. O

eT.

2 = -1 _
Mp = Zn—12nTly =

= ¢n—1(z)'%n—1~

= ¢p_1(2)Fn-1.

Note that if all the a; are zero, then we recover the polynomial case. The recurrence
relation is just the Szego recurrence and the A, being then equal to ¢n( )/kn, are the Szeg6
parameters (and are sometimes called Schur or reflection coefficients).

Since this is derived from the CD relation, the first recurrence does not depend on the ay,
being in . However, we can not allow o, «,,_1 = 1, in which case ), is not defined. In such
a case we call the system degenerate. If ¢, (cv,—1) = 0, then we call the system exceptional.
If all the a4 are in D or all in [E, then the system is non-degenerate and A,, € D.

The vector [¢,, ¢%]T is a solution of the recurrence with initial condition [¢g, ¢f] = [1, 1].
This is not the only solution. With the initial condition [1, —1] we get another, independent
solution. It will be formulated in terms of some functions 1, € L, which we shall call the
ORF of the second kind. We introduce them as follows.

t=1 Gu(e) = [ D(tA)0u(D) ~ ou(Ndn(t), =1
Exercise 2.5 Let f be such that f, € £, _1, then prove by orthogonality that

[ D)@/ 1) = oubdutt) =0

From this derive that for such an f

= [ D600/ ) = 6u(Ndutt), n =1, 23)

Similarly derive that for an f # 0 such that f € £,, and f(«,) = 0 it holds that

/th VFO/1(2) = 6a()] du(t), n> 1.
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We can now prove that (i, —1) is another solution of the recurrence relation for (¢,, ¢%),
which corresponds to the initial condition (1, —1). In other words (¢, ;) satisfies the same
recurrence relation as (¢,, ¢%), but with A, replaced by —\,.

Theorem 2.8 With the notation of theorem 2.7 we have

R A RO Ptk riAY (2.4

Proof. We only have to prove the relation for the ¢,,. From the definition and the previous
exercise we have for n > 1

- ol 1] o0

Multiply from the left by £, (z) and the right hand side becomes

—0,(2) [ o ] + [ D)0 [ ja } au(t)

(z — ap_1)(1 — @,ut)
2 = T30 —an)

Using a technique like in the previous exercise, it can be shown that the integral equals

n(t)
/th [gnt)gb*()]d'u(t)

so that in the right hand side we get again the same expression as in the starting relation
but with n — 1 replaced by n. This proves the theorem for n > 1. Checking the theorem for
n = 1 is left as an exercise. O

with

Far reaching generalizations of the CD relations can be obtained for any couple of solutions
(n, ) and (yn,y,") of this recurrence. We give them without proof.

Theorem 2.9 Given two solutions (x,,x)) and (yn,y,) of this recurrence, we can define

Fo(z,w) = 2y (2)yn(w) = 2 (2)yy (w),

and then we have a Liouville-Ostrogradskii formula

o B ) Bl
B8 /<o Z ALy

Fo(z,w)
- Cn(z>/gn(w)

and with the definition

Gn(z,w) = 2, (2)yf (w) — 20 (2)yn(w),

we have a Green formula

Gn(z, & B Go(z,w
11— Cn(z)gn(w) - QO(Z) O(w) k=0
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Choosing (z,, ;) and/or (y,, y,") equal to (¢, ¢%) or (1, 1) gives several identities which
we leave for the reader to discover. We just give one example:

Un(2)0n(2) + ¥n(2)9n(2) = 2Bn(2) P(z, am) (2.5)

with P(z,w) the Poisson kernel (2.1). It is obtained by taking z = w and (z,z%) = (¢, ¢*)
and (y,y") = (¢, —*) in de Liouville-Ostrogradskii formula. It can also be obtained by
taking determinants in (2.4). Therefore we refer to it as the determinant formula.

Note that the CD relation was crucial in our development so far. From this, we derived
the recurrence relation for the kernels, and for the ORF which gave rise to the introduction
of the second kind functions.

This can be inverted: if we have a recurrence relation for ¢, as given above, then they
will be ORF with respect to some positive measure on T. This is a Favard type theorem
which reads as follows:

Theorem 2.10 (Favard) Given a sequence {ag = 0, a1, aa, ...} C D and suppose that with
witial condition ¢y = 1, the ¢, are generated by a recurrence relation of the 3rd form given
in Theorem 2.7 with all A\, € D, and the unimodular constants such that ¢*(a,) > 0, then
these @, will form a sequence of ORF with respect to a probability measure on T.

We formulate the theorem here as a motivation for the introduction of quadrature formulas
and will give its proof later in section 4.

Because the functions of the second kind satisfy a recurrence relation of this form (the A,
have to be replaced by —)\,,), it follows by the Favard theorem that they also are a system
of ORF, with respect to a positive measure on T. Thus we can attribute to 1, the same
properties as we can attribute to the ¢, (location of the zeros, CD relations, etc.). If 2, € C
is the Riesz-Herglotz transform of p, then clearly 1/, is also in C. So it can be written
as the Riesz-Herglotz transform of some measure v. It can be shown that if the ¢, are
orthogonal w.r.t. i, then the associated functions of the second kind 1),,, will be orthogonal
w.r.t. the associated v.

To obtain a constructive proof for this theorem is closely related to the applications we
mentioned in the beginning: We construct a measure that will generate an inner product
that entails orthogonality in £,, and then let n tend to infinity. The first part is related to
numerical quadrature and interpolation which we shall consider in the next section.

3 Quadrature and interpolation

3.1 Quadrature

One way to obtain a quadrature formula for the integral I,,{f} = [ f(t)du(t) is to interpolate
f by a function f, in a number of points {{,;}7.;, C T, and to approximate I,{f} by

LASY = L fn -

Exercise 3.1 Consider the function f, € £,, ={fg: f € Ly, 9 € L}, p,q>0,p+q=
n — 1, where £,. = {f : f. € L£,}. Show that this f, shall interpolate f in the points

{éni}?zl C T lf

Z Ln,k Snk ) Ln,k(t) = gmk(t) (H %@) H gt — o ’

=1
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where /,, ;. are the classical Lagrange polynomials, i.e., £, x(&,;) = 0x;. Note that the L, €
Ly, are rational generalizations for which also Ly, x(&,;) = 0k, &

Thus the quadrature formula is I,{f} = > 7_; M S (&uk), Ang = Lu{Lny}. This is called an
interpolating quadrature formula, which is obviously exact for all f € £, .

To obtain the largest possible domain in which we get an exact quadrature formula, we
have to choose the nodes &, in a particular way. Like in Gaussian quadrature formulas, we
could try to choose them as the zeros of ¢,,, but that is impossible because the ORF ¢,, have
all their zeros inside D, and not on T. However the following result holds.

Theorem 3.1 The function Q,(2) = ¢n(2) + 7¢%5(2), 7 € T has n simple zeros on T and it
is para-orthogonal which means that it is orthogonal to L,_1 N Ly, (o) where L, (ay,) = {f €

L, : f(an) =0}. Moreover (1,Qy), # 0 # (B, Qn) -

Proof. By the CD relations we know that |¢%|*> > |¢,|* in D and the opposite inequality
holds in E. Thus @,, can only have zeros in T. These zeros are simple, otherwise, we would
have Q,(§) = @), (§) = 0, which implies that in & we have ¢,/¢% = —17 = —1/7 = ¢* /P,
or ¢ b, — () ¢x = 0. But letting z and w approach ¢ € T in the CD formula leads to
LQubl0) 67 (9)6n(€) — (03) (D D4(E)] = kna(&,€) > 0, which is a contradiction.
Concerning the para-orthogonality we note that (f,¢,), = 0if f € £,y while if f €
L, (), then it can be written as B,g, with g € £,—1, and thus (f, ¢;,) , = (Bngs, Buons),
(¢n,9), = 0. On the other hand (1,Q,), = 7(1,¢,), = 7 (¢n, By), # 0, and similarly for
the other inequality. O

Now take an arbitrary function R € L£,_;,_1, suppose we interpolate it with a function
R, € Lon-1 = L1, using the zeros {1, ... &} of @,. Then simply writing it out shows
that the interpolation error can be written as

E.(z) = R(z) — R,(2) = Qun(2)S(2), S €L, 1NLy(n).

Thus, because of the para-orthogonality of @,, we get an integration error I,{E,} = 0,
so that the quadrature formula is exact in £,_;,_1. This is the highest possible degree of
exactness that can be obtained with n nodes in the sense that with n nodes on T, it is
impossible to integrate exactly all functions in £,,,,—1 or £,_1,. In this sense the quadrature
formula is optimal and we shall refer to it as the rational (or R-) Szeqd quadrature formula.
We denote the (discrete) measure having masses A, in the points &, by p, so that by

definition I,,{f} = 1,.{f}.

3.2 Interpolation

We have used interpolation to construct a quadrature formula and found that integration
with respect to p and p, is the same in £,,_1,—1. This happens if and only if their Riesz-
Herglotz transforms take the same values in the points {ay, ..., a,} (taking multiplicity into
account) since the respective Gram matrices depend only on their (derivative) values in the
poles {ax}7—, (see exercise 2.4). So let us first find out what the Riesz-Herglotz transform
of u,, is.

Theorem 3.2 Set Q,(z) = [ D(t, z)du,(t) = _SZ((?) Then forn > 1

= /D(t, )QRu)f 1)/ f(2) = Qu(2)ldp(t) = ¢n(2) — 7¢7,(2)
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for any f such that f, € L, 1 0 Ly(cw,).

Proof. If we write the terms explicitly, then it becomes clear that the previous integrand is in
L1 -1 for n > 2, and thus we can replace the integral by the R-Szegé quadrature formula

with nodes the zeros of Q,,, giving P, (2) f(2) = —f(2)Qn(2)[,{D(-,2)} = — f(2)Qn(2)Q2n(2).
The case n = 1 is left as an exercise. The expression with ¢ follows from (2.3) and its
superstar. O

Because of this result we could call P, a para-orthogonal function of the second kind. It is
para-orthogonal with respect to the same measure as for which the 1, are orthogonal.
The previous theorem has an interesting corollary.

Corollary 3.3 The weights of the R-Szegd formula are given by

2 QL) I i)

Proof. Recall Q,(2) = —P,(2)/Qn(2) = L{D(,2)} = > 1_ M D (&, 2) and Q,,(En) = 0.
Thus after multiplying by (z — &) we have

A

(2= &) (2) = D AnjD(Enjy 2)(2 = k) + Ak D (Eni, 2) (2 = Eun).
4k

Taking the limit for z — &, gives the first formula. For the expression with the kernel, use
the fact that Q, (&) = 0, thus 7 = 1/7 = — ¢, (&) /05 (§r), and the confluent CD formula

to get
P(fnkaan)
Q;L(gnk) - tkn—l(&nkagnk)
with P(t, z) the Poisson kernel (2.1), while the determinant formula leads to P,({.x) =

2P(&nks )/ On(&nk), so the corollary is proved. O

We can now derive interpolation properties for Q,, = — P, /Q,:

Theorem 3.4 Let €2, and Q, be the Riesz-Herglotz transforms of p, and p respectively,
then Q,(2) — Q,(2) = 2B,_1(2)h(2), for n > 1 with h analytic in D.

Proof. This follows because of exercise 2.4. |

Since we assumed 7 € T, we cannot set 7 = 0, but we do have the same type of interpolation
with an extra interpolation in a,.

Theorem 3.5 For the ORF and the ORF of the second kind we have
Qu(2)0n(2) + Un(2) = 2Bu-1(2)h(2),  Qu(2)07,(2) — ¥y (2) = 2Bn(2)g(2)

with h and g analytic in D.
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Proof. Since [, + ¥,]/Bn-1 = [ D(t,2)¢n(t)/By-1(t)du(t), we find a function analytic
in D because it is a Cauchy-Stieltjes integral and setting z = 0, so that D(¢,0) = 1, the
integral becomes (¢, B,_1) . = 0. The second relation is similarly proved since now for
z =0 we find (¢}, B,), = 0. O

Note that by the determinant formula, we have for R, (z) = ¢ /¢% that for t € T: w,(t) =
Re R, (t) = L[Ra(t) + Roi(t)] = P(t, o)/ |6n(t)[*. Because of the extra interpolation in a,
one might expect that the absolute continuous measure w,(t)d\(t) gives the same integrals

in £, , and it does indeed.

Theorem 3.6 The inner product in L,, is the same for the measure p and for the absolute
continuous measure with weight w, = P (-, an)/|dnl?.

Proof. Since [ |¢,(t)|?w,(t)dA(t) = [ P(t,ay)d\(t) =1 = ||¢,]|%, the norm is maintained.

Moreover "
L pan @O [ [GBUO/ B
<¢n7 ¢k>wn - /P(ta n) an*(t) d)‘<t) - /P(t7 n) { (b;(t) }d)‘(t) 07

which follows because the factor in curly brackets is analytic in DU T, so that we may apply
Poisson’s formula to find zero because B, (z)/Bg(z) is zero in «,,. Thus ¢, has norm 1 and
is orthogonal to £,,_; for the weight w,,, and because the recurrence relation then defines all
the previous ¢, uniquely (provided they have the proper normalization of positive leading
coefficient), the theorem follows. O

We note that the para-orthogonality conditions alone do not define the functions ),, com-
pletely. The para-orthogonal functions that we proposed are also 7-invariant, which means
that Q7 = 7Q,. The latter is essential to guarantee that they have n simple zeros on T. It
can be shown that this invariance property and the para-orthogonality completely defines
the @,, up to the parameter 7 € T and a normalizing constant factor.

3.3 Interpolation and quadrature using the kernels

After we formulated the recurrence relation for the kernels in Theorem 2.4, we gave the
recurrence for the ORF in Theorem 2.7, but from there on, the kernels were neglected.
However, what has been developed for the ORF, can be repeated and generalized to the
kernels. Since the methodology is completely analogous, we leave the proofs in this section
as a major exercise.

First of all, we note that the kernels are produced by their recurrence relation when we
give the initial conditions (kg, ko) = (1,1). As in the case of the ORF, we obtain another
independent solution when we start with (I, —ly) = (1, —1). The resulting kernels could be
called kernels of the second kind. They satisfy

[ 560 ][ ) |

=l (z,w —lp—1(z,w)

with t,,(z,w) as in Theorem 2.4. By our remark after Theorem 2.10, it should be clear that
lo(z,w) =Y "7 _o ¥n(2)Yk(w) is a reproducing kernel for the space £,, w.r.t. the same measure
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as for which the v, are the ORF. The interpolation properties are a bit harder to obtain
because they require a parameterized (in w) Riesz-Herglotz transform:

_ W [tdu(t) —w [t dp(t)

1 —fuw]?

Qu(z,w) = / Dit, 2) du(t) + ¢, ciR, (z,w)e D xD,

P(t,w)
D(t, z) the Dirichlet and P(¢,w) the Poisson kernel. The c¢ is chosen to make 2, (w, w) real
(and hence it equals 1). Then it is possible to formulate an interpolation property saying
that 1,,(z,w) — ky(2z,w)Q, (2, w) vanishes for all z € {w,a1,...,a,}. Thus the special role
of &y = 0 has been removed and is played by an arbitrary w € D. Since k,(z,w) does
not vanish for any z € DUT if w € D, we may consider Q,(z,w) = l,(z,w)/k,(z,w),
which is the parameterized Riesz-Herlotz transform of the absolutely continuous measure
P(t,w)k, (w,w)/|k,(t,w)|?d\(t). The inner product in £,, w.r.t. the latter will not depend
on w and will give the same results as the inner product w.r.t. du(t).

4 Density and the proof of Favard’s theorem

4.1 Density

For the density of the Blaschke products in L,(T), one can easily adapt a result of [1, p.244]
to find the following.

Theorem 4.1 Define the Blachke products as before for n >0 and B_,, = 1/B,, forn > 1.
Then the system {By,}nez is complete in L,(T), for any p > 1 as well as in the space C(T)
of continuous functions on T if and only if Y (1 —|ay|) = 0o (the Blaschke product diverges).
Also the system {By}y2, is complete in H, for any p > 1 if and only if Y (1 — |ag|) = o0
(the Blaschke product diverges).

Walsh [31, p.305-306] states

Theorem 4.2 [f the Blaschke product diverges and f € Hs, then f,, € L,, which interpolates
finAw,a,...,a,} C D (w is an arbitrary but fixred number in D) will converge to f
uniformly on compact subsets of D, and if f is continuous up to T, we also have uniform
convergence on T.

For a general probability measure, Szegé’s condition log i’ € Ly plays a role. For example,
from Walsh [31, p.116,186,50,92,144] we may conclude that the polynomials are dense in
L,(p) if and only if log p/ ¢ Ly. For the rational case, the situation seems to be less simple.

Theorem 4.3 (1) If >, (1 — |a|) = oo then log i’ & Ly < {B,}n>0 is complete in La(p)
(2) If log i’ € Ly then Y, (1 — |o|) = 00 & {By}nzo is complete in Hy(p)
(3) If >°,.(1 — |ag|) = oo then { By, }nez is complete in Lo(j).

Note that we have no equivalence anymore. The divergence of the Blaschke product implies
completeness of {B,,}5°, in Hy(u) and of { B, }nez in Lo(p), but the converse need not be
true. We leave it to the reader to look up the proofs of the above theorems. The precise
characterization of completeness of the Blaschke products in not totally cleared out.
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4.2 Proof of Favard theorem

It is easily proved by induction that the ¢ generated by the recursion are indeed superstar
conjugates of the ¢, that it generates and the parameters )\, are given by their expressions
of Theorem 2.7. Moreover, the {¢;}7_, are a set of ORF with respect to the weight w,(t) =
P(t, )/ |¢nl?. This is shown as follows. Note that for 0 <m <n

[y BRG] _
=) Gty oA = B G |, T o

Thus ¢, L., L£,-1, and because an inverse recurrence (obtained by multiplying (2.4) from
the left with the inverse of the matrix #,(z)), defines all the previous ORF uniquely, the
orthonormality with respect to w, is proved.

Now for n — oo, we have a sequence of weights w,, uniformly bounded ( [ w,d\ = 1),
so that there is a subsequence w,, which converges weakly. Thus there is some p such that
limy, oo [ f(t)wn, (E)dN(t) = [ f(¢)du(t) for all functions f continuous on T. If 3~ (1—|ay|) =
00, then a previous completeness result shows that the measure p is unique because the Riesz
representation of a linear functional on C'(T) is unique.

<¢n> ¢m>wn

5 Convergence

5.1 Orthogonal polynomials w.r.t. varying measures

For the convergence of the ORF we shall rely on convergence results of orthogonal polyno-
mials with respect to varying measures OPVM. Let P,, we the space of polynomials of at
most degree m and construct a sequence of OPVM for measure du(t)/|m,(t)|? with 7, (t) =
[Ti_, (1 —@z). We denote the orthonormal ones by ¢, (2) = vy 2" + - -+, vy > 0. By our
general theory they satisfy the recurrence ¢, (2) = €nml20nm-1(2) + Am®i (2)] with

n,m—1

M = Gnm (0)/Vpm and €y = (1= Apn|?) ™2 = vy /Vpm—1. Here G (2) = 2" Pnm(1/7).
From these OP we can construct a set of ORF for £,,, but as n increases, the whole set of

ORF will change.

Exercise 5.1 Denote f, (%) = tnm@nm(2)/mn(2) with t,,,, € T for an appropriate nor-
malization. Prove that the {f,,, : m = 0,...,n} is a set of orthonormal rational functions
for £, with respect to u. They are obtained by orthonormalizing the basis {z¥ /7, (2) : k =
0,...,n}. Show also that

A B Z¢n,n(2> - %O‘Mﬁ;n('z)
) = T e )

€L\ Ly (5.1)
and that (hy,,g), = 0 for all g € £,,_1, so that there is some constant ¢, with |c,| = |¢},(0)]
such that h,, = ¢, ¢,. O

We need the following conditions for the probability measure p and the point set A =

{ag, ag, .. .}:
1. ¢/ >0a.e. (A\) (Erdés-Turan condition)

2. > (1 —|ay]) = oo (BD = Blaschke divergence condition)
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The first condition is denoted as p € ET. If it satisfies the stronger Szegé condition log u' €
Ly, we denote it by u € SZ. The second condition is denoted as A € BD, while if it is
replaced by the stronger condition that A is compactly contained in D (i.e., the oy stay away
from the boundary), we denote it as A € C'C. The following results are borrowed from the
work of Guillermo Lopez [20, 21, 22].

Theorem 5.1 If p € ET and A € BD then with our previous notation
1. limy oo Apntkrr = 0.

imy, oo Vn gkt 1/Vnnsk = 1.

My, o0 Gnntkt1(2)/Prnii(2) = 2 locally uniformly in E.

My, o0 @ oy geg1 (2)/ O (2) = 1 locally uniformly in D.

My, oo @5 i (2)/ Onnsr(2) = 0 locally uniformly in E.
Ifue Sz, Ae CC and o is the outer spectral factor of u, then

6. limy o0 &5, 1 (2)/T0(2) = 1/0(2) locally uniformly in D.

5.2 Szegld’s condition and convergence

We can now show that the following holds.

Theorem 5.2 If p € SZ and A € BD, then we have the following (l.u. means locally
uniformly)

lim k,(z,w) = , Lu (z,w) €D x D,
n—00 o(w)(l —wz)o(z

ggu_@”ﬁ@:a@
e S 83
Ifpe Sz, 0(0)>0, and A€ CC then
SioeE o " o)

Proof. For the first relation, note that since the f, ; form an orthonormal basis for £,,, we
have

eT, lu zeD.

lim 7,¢;(2)

=immmmpig%w%m;

T (2) 7 ()
Then use the CD relation for the ¢, and divide by f (2)fx, (w):

e e TeEn) ()
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The last two factors go to 0, while for some n,, € T, lim,, oo 7 f ,,(2) = 1/0(2), which proves
the first result.
Since h,, = ¢, ¢,, we have by our expression for h,

1 Qﬁz,n(z) 1 - — ¢n n(z) o qbnm,(an)

—_ nna Y T/ - * .
Cn, 7Tn(Z) ! nn('z) ! gbn,n(an)

Recall that ¢, n(2)/¢} () — 0 Lu. in D, and being a Blaschke product it is bounded by 1
in DUT so that |n,| < 1. Hence the term between square brackets goes to 1 as n — oo.
On the other hand, ¢; ,(2)/m,(2) converges to 1/0(z) lu. in D, up to some normalizing
constant. But this constant will cancel against the same constant in the denominator which
is obtained by setting z = 0. This proves the second result.

Taking z = w in the first relation implies Y ,_, |¢x(2)|* converges for n — oo. Thus
lim, ¢,(z) = 0. When multiplying the inverse of the second relation of this theorem with
®n(2), and noting that (1 — @,2)""! is uniformly bounded if z is in a compact subset of D),
we also get the second limit.

For the third one, we note that |¢*(0)| is uniformly bounded away from 0, because the CD
relation implies |¢7(0)]? > 1.

For the last limit, note that 7, is used to normalize ¢} to make it positive in z = 0. By the
CD relation for z =w =0

(1 —@nz)oy(z) = (5.3)

TGOF 0y 4 J0OF

1 - ’O‘n|2 1- |O‘n‘2

Because ¢,(0) — 0, and the a4 stay away from the circle, the last term goes to 0, and
we know that the second one goes to |o(0)|72. Thus |¢%(0)]/\/1 — |an|> — 1/0(0). In
combination with the second limit of this theorem, the result follows. O

When p € SZ, then o need not be defined, and the previous relations can not be obtained.
A way to avoid the o is to consider ratio asymptotics, so that the o cancel out. These are
weaker results in the sense that if © € SZ, then the ratio asymptotics are almost immediately
obtained from the stronger asymptotics that were previously obtained. We use again the
OPVM with measure p/|m,|?. Denoting the reproducing kernel for P, w.r.t. this measure
as knn(z,w), it is easily seen that k,,(z,0) = v,¢;,,,(2). Also the usual rational kernel for
L, satisfies k,(z,0) = k,(2,0)/m,(2).

Exercise 5.2 Applying Theorem 3.6 to the OPVM, prove that the inner product in £,, w.r.t.
dp(t) and w.r.t. v2/|k,(t,0)]?dA(t) is the same. Of course, this is also a direct consequence
of the results in section 3.3. &

Theorem 5.3 If p € ET and A € BD, then

kn(z,0
lim 7(2 ) =1, lLu zeD.
% o1 (,0)
and with the superstar referring to z,

lim £7(2,0)/k,(2,0) =0, lLu. zeD.

n—oo
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Proof. Set g,(2) = kn(2,0)/kpi1(2,0) — vn/vnH, then by the previous exercise we see that

n Un
[laoPag =25 (1- ). (5.4)
n+1 Un+1

On the other hand, because g, is analytic in DU T, we have by the Poisson formula g, (z) =
[ P(t, 2)gn(t)d\(t). Fort € T, | P(t, z)] < M holds uniformly for z in a compact subset of D.
Thus we also have |g,(2)] < Mf 19 (t)|dA(t) and also |g,(2)]* < M? [ |g,(t)|2dA(t) so that

2

ga(2)]? < 2M2§—“1 (1 S ) . (5.5)

UTH_ Un+1

Thus k"(z 0)) — Liff 722 — 1. Obviously k,,—1(0,0)/kn(0,0) < 1, but using the CD relation
we also Tlav

kn1(0,0) (650" = [6a(0)*  _ |62(0)]" = |6 (0)]?
kn(0,0)  [9h(0)7 — [an*[0n(0)]* — [97(0)[* = |@n(0)[?

So that lim, .. v2/v2,; = 1, which proves the first part.
For the second relation, note that k,(z,0) = @y, ,(2)vnnn/mn(2) and hence kj(z,0) =

Gnn (2)UnT], /T (2) with m, € T. Take the ratio and use ¢pn(2)/¢;,,,(2) — 0 Lu. in D, to
conclude the proof. O

Theorem 5.4 If p € ET and A € CC, then

_ G(R)oalz) L dalz) _ :
A A ) A A =0, Luin D,

Denote @} (z) = ¢%(2)/¢5(0), then under the previous conditions

i (I):;H(z)(l — Opi1?)
im —
n—oo  Ox(2)(1 —@pz)

=1, Lu. inD.

Proof. Repeat the proof of the second part in Theorem 5.2. I.e., use exercise 5.1 giving
¢n = cph, and its superstar conjugate, to find expressions for (z—a,, )¢, (2) and (1—a,2) ¢ (2)
and take their ratio. Then using ¢n,(2)/¢;,,,(2) — 0 from theorem 5.1 leads to the first
conclusion. Note that we need ¢, »(an)/@;, ,, () to go to zero, which can only be guaranteed
when A € CC. It is also needed for the convergence of ¢,,(0)/¢%(0) because this will follow
form Theorem 5.3 or the previous exercise if A is in a compact subset of D. For the last
equality note that |\,| = [¢n(n—1)/0% (n-1)|.

For the second formula, write the second CD formula for k,(z,0) and its superstar con-
jugate and eliminate ¢,(z) to obtain

Gn(2)(L —an2) _ ka(2,0) | éa(0) Ki(2,0)
¢;,(0) vy " 650) u(2,0)
Note that the term in square brackets goes to 1 L.u. in D as n — oo. Rewrite this for n

replaced by n + 1 and take their ratio. Because k,11(z,0)/k,(2,0) and v,+1/v, go to 1 as
n — oo, the second result follows. O

O (2)(1 — @p2) =
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6 Szegld’s problem

This problem is essentially the problem of linear prediction. Recall that the linear prediction
problem can be formulated as finding f € Hy(u) such that ||f|| is minimal with the side
condition that f(0) = 1. This f represented the prediction error. (Note that we have
replaced the z of the first section by 1/z to be in line with our discussion of ORF, which is
obviously a matter of convention.) We consider a slightly more general situation where we
replace the constraint by f(w) = 1 for some w € . This is a problem that can be solved in
any reproducing kernel Hilbert space.

Theorem 6.1 Let H be a reproducing kernel Hilbert space with kernel k(z,w), then the
minimum of || f||2 with f(w) = 1 is obtained for f(z) = K(z) = k(z,w)/k(w,w) and the

minimum is 1/k(w, w).

Proof. Obviously ||K(2)[? = 1/k(w,w). For any other f satisfying f(w) = 1 for which
||f||i = m we have 0 < ||f—K||i = ||f||i—|—1/k(w,w) —2Re(f, K>u =m—1/k(w,w). Thus
m > 1/k(w,w). O

From the polynomial case, it is known that the reproducing kernel for H(u) is given by the
Szegd kernel s(z,w) = [(1 —wz)o(z)o(w)] ™! where o is the outer spectral factor of y, which
we suppose to be normalized by ¢(0) > 0. Thus we have a completely predictable sequence
if the minimum |o(0)|? of || f||2, f(0) = 1 is zero, i.e. since |5(0)|* = exp{ [ log 1/ (t)dA(t)}, if
[ log /d\ = —o0, and thus log i/ & L;. If we do not have complete predictability, it is still
a valuable objective to find the best possible predictor by minimizing the prediction error.

Instead of minimizing over the complete past (i.e. all of Hy(11)), we may be less ambitious
and start by minimizing over a finite dimensional subspace, e.g. £,,. There the minimum of
the general problem is k,(z, w)/k,(w,w).

The advantage of computing these approximants using ORF over the computation with
OPVM is that they are easily computed recursively. If the approximation is not good enough
for a certain n, then increasing n by 1 requires just one more step of the recurrence relation.
For the OPVM, increasing n by 1, would mean that we have to start the computations all
over again. Note also that we have at every step an estimate of the prediction error which is
1/k,(0,0) or 1/k,(w,w) for the general problem. Thus if the |¢,(w)| do not go to zero fast
enough, then k,(w,w) will go to oo and the error will go to zero, but under the conditions
of our theorems, the k, (w,w) will converge, so that the error will not go to zero. It will be
bounded from below by (1 — |w|?)|o(w)]?.

We also note the following result

Theorem 6.2 Let p € SZ, w € D a fized number, and let s,,(z) = s(z,w) be the Szegd
kernel. Consider the problem min || f — s,|% over all f € Ly, then the solution is ky(z, w)
and the minimum is s,(w) — ky(w,w). If A € BD then lim,,_. ||k, (t, w) — s, (t)||, = 0.

Proof. Suppose f(w) = a, then [[s, — f[I2 = [|swll> + [ f|I2 — 2Ref(w). Thus we have to
minimize || f||2 — 2Re a over f € L, with f(w) = a and minimize the result over all possible
a. In other words, we have to find the infimum over a of |a|?/k,(w,w) — 2Re a and this is
given by a = k,(w,w). This proves the first part. If A € BD then as n — oo, £,, becomes
dense in Hy(p), which means that the error in Hy(p) goes to 0. O
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Part II: The matrix case

The results in this part can be found in [2, 5, 17, 19, 10, 13, 12, 11, 18]. For the polynomial
case and Hilbert modules see also [32, 33, 23, 7, 4, 9, 24].

7 Hilbert modules and Hardy spaces

7.1 Inner products and norms

We now consider matrix valued functions: f : C — CV*¥. The space of these functions is
a left and a right module over C¥*¥. (The product is noncommutative.) We write A > 0
to mean that A is nonnegative definite and A > 0 means that A is positive definite, while
A > B is the same as A — B > 0. By A we mean the Hermitian conjugate and tr (A) is
the normalized trace of A, i.e., tr(A) = Z]kvz1 are- By S = AY? we denote the Hermitian
square root of A > 0, thus A = S? while L = AY/2_ resp. R = A®/? denote a left resp. right
square root, meaning A = LL¥ resp. A = R" R. Note that L is unique up to a right unitary
factor and R up to a left unitary factor.

We introduce a matrix valued and a scalar valued inner product which will define Ly of
square integrable functions that will be both a Hilbert module and a Hilbert space. Let u be
a nonnegative Hermitian measure on T. This means that it is a square matrix whose entries
are complex valued measures such that the whole matrix takes values that are nonegative
definite. Because 0 < M < tr (M)I holds for any nonnegative definite matrix, it holds for
the scalar trace-measure 7 = tr (u) that 7(F) = 0 implies pu(E) = 0. This means that u
is absolutely continuous with respect to 7 and we may define the trace-derivative p! as the
matrix whose entries are dy; ;/dr and it holds that u(FE) = [, p.dr. Furthermore it can
be shown that 0 < z/ < I a.e. 7 and also (’)/? is measurable. More generally, we define
[ fdug® as [ fulg"dr, thus as a matrix whose entries are [[fu]g™];;dr. We denote this
matrix valued “inner product” as (f,g), ., Where the £ stands for “left” since it is possible
to define in a completely analogous way ((f,g)), , = J fHdug. In the sequel we treat only
the left version and leave the right version to the reader. For many results however, left and
right elements will be interacting. We shall always assume that [ du = 1.

The class of matrix valued functions for which (f, f)), , exists forms a left module over
CN*N that has some pre-Hilbert space-like properties. Indeed, for any constant square
matrix a it holds that

o {f+g. ), = Fil)e,+ L9 1)y, and (af,g),, = a((f g}y, (lincarity)

o (f,90e, = (g, N, )" (symmetry)
o (f,f), =0 with tr (f, f),, =0« f =0 (positive definite)

To equip this class of functions with some topology for which it has to be complete,
we also need a genuine scalar valued norm. This norm will be implied by a scalar valued
inner product, which we define as follows: (f,g),, = tr {f,g)),, = [tr(fu,g")dr. The
corresponding scalar norm is |f|s, = [(f, f)m}l/? So we can now thefine the Hilbert space
Lo(p1) of square integrable matrix valued functions with respect to the scalar valued (-, -), ,
that is complete with respect to the norm |f|,,. It is also a Hilbert module with respect to
the matrix valued ((-,-)), , as we explained above.
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Occasionally we also use a Euclidean inner product, namely (f, g)g = tr (fg) = tr (g7 f)
and a Euclidean norm |f|g = (f, f)}g/2 = |f|r/V'N where |f|r is the Frobenius norm and N
the size of the matrix.

If p = A, we drop p from the notation. For example Ly means Lo(A]) and ((f, ¢)), means
{(f;9) ¢ etc. We can define matrix valued Hardy spaces H,, as the matrix valued functions
f, analytic in D and such that |f], = supg<,;[[ |f(rt)|%d\(t)]Y? < 0o if 0 < p < 0o while
for p = 00, [floee = SUPg<,<1ser [f(rE)|E < o0o. As in the scalar case, any f € H, has a

nontangential limit to the circle that belongs to L, (which has an obvious definition viz.,
feLl, < |fle € Ly).

7.2 Carathéodory function and spectral factor

Carathéodory functions are functions analytic in D with positive real part. Thus with
ReQ(z) = 1[Q(2) + Q(2)7] > 0. There is an essentially unique relationship between positive

measures and Carathéodory functions, which we represent as Q,(z) = [ D(t,z)du(t) +
ilm €2,,(0). We shall assume that €2,,(0) is real so that according to [ d,u = [ we get Q,00) =1
Just like in the scalar case we have ReQ,(z) = [ P(t, z)du(t) and this has a nontangential

limit to the mrcle T which equals ' = du/d)\ a.e. ()\) and its Fourier series is €,(z) =
co+ 2> p, crz¥ where the coefficients are the moments ¢, = f t=*du(t).

For the spectral factor, we need to assume that logdet u’ € Ly (Szegd’s condition). If
that condition holds then there exist left and right outer spectral factors ¢ and ot such that
p o= O'LO'L ofo® on T. The substar for a matrix function is defined as f.(2) = f(1/2)%
These o and o are outer in H, in the sense that their determinant is scalar outer in Hy /N-
They are analytic in D and their determinant does not vanish in D, so that their inverses
are also outer in Hy. These o, resp. o® are uniquely defined up to a right, resp. left unitary

constant factor.

8 MORF and reproducing kernels

8.1 Orthogonal rational functions

Matrix valued orthogonal rational functions (MORF) can now be obtained in much the
same way as in the scalar case. Given a sequence of ap € I, we keep the notation of
Blaschke factors (;(z) and Blaschke products B, (z) from the scalar case and define £, as
the linear span over CY*¥ of {ByI}?_,. The block Gram matrix consists of the blocks
{Bx, Bi))y,, = ( Bk, Bi)),, and it depends only on () and its derivatives in these points
up to an order depending on the multiplicity of «j in the sequence.

By a block Gram-Schmidt algorithm we can orthormalize the previous basis as follows:
assuming [ du = I, set ¢f = I, and forn =1,2,... we set qSL B, 1=~ <<Bn], ¢£>>€u 0T

and ¢L = m 1oL where m,, is a left square root of (¢£, dL),,.. Note that the left square
root need not be invertible in general if (55 is not zero. Then the algorithm will break down,
and we say that u is degenerate. It can be shown that if log det y/ € Ly, then this degeneracy
will not occur and all the ORF can be constructed. The basis ¢, for the Hilbert module
is orthonormal in the sense that <<¢£ , ngJL >> = Ox;1. The ¢, are defined up to a constant

unitary factor from the left. To fix this, we shall assume that the leading coefficient % of ¢~
with respect to the basis { By/} is Hermitian positive definite (every invertible matrix A can
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be written as A = ULBY with UL unitary and B positive definite [6, p. 22]). The leading
coefficient is k% = [¢L*(v,)]¥ where the superstar for f € L, is defined as in the scalar case:
f* = B, [.. Note that for f,g € L, we have (f,g)),, = (f*, 9", .-

Lp

8.2 Reproducing kernels

Given a left orthonormal system ¢¥ for £,,, we can define a left reproducing kernel kZ (2, w) =
> heo OF (w) ¢k (z) which reproduces because ({ f, k,LL(-,w)»m = f(w) for all f € L,,. The
right reproducing kernel is given by kf(w, z) = >, o8 (2) [ (w)]* and for any f € L, we
have ((k%(w, -),f>>w = f(w).

Exercise 8.1 Mimic the scalar proof to derive the following CD-relations:

b o) — PO () = [0 ()] (2)

- CnJrl (Z)Cn+1 (’LU)

and

R H 1 Rx . L H /L
1- Cn(z)cn(w)
Consequently kZ(z, a,) = k¢l (2) and kL (o, a,) = kE[kE]H
The right versions are obtained by symmetry.

kR (w, 2) = w2k ) = ot (D)o (w)] !
1 = Guy1(2)Gnpr (w)
and
T3 )l C0) il 1IN COLA ] CACO) il
’ L= G(2)Galw)
From this right variant we have k%(a,, z) = ¢L*(2)kL and kE(ay, ay,) = [kE]HKE. o

Theorem 8.1 The reproducing kernels satisfy the following recurrence relations

5 (10) { ki (w, 2) } (2 w) { ki (w, 2) ]

kL (2, w) k1 (z,w)
o suw = | 1T IR S )
tn(z,w) = {pﬁéw) [an(}U)]H } { Cn((f)j (I)} [Vﬁf’w) [%?(}U)]H } ’
with

pr(w) = [0y (W) o™ (w)] 71, pyf(w) = [ (w)] ™ [0y (w)] ™,
and [y, (w) vy (w)] = =Gu(w)[pr (w) py(w)].
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Proof. The proof is along the same lines as in the scalar case. One needs the relation

kE(z,w) = Bu(2)B,(w)kR(1/z,1/w). We leave it as an exercise to the reader. O
Note that it follows from the CD relations that

{1 = py (W) o ()] by (w)] ", (w) = [, (w)] " 6, (w) — [ (w)]" &y (w) > 0.

Thus I — p%(w)[pB(w)]” can not be singular for w € D. Note that this implies also that
(o2 (w)]7 p2* (w) is not singular and hence positive definite, thus det ¢/*(w) # 0 for all
w € D and thus it is invertible in . A similar observation holds for I — pZ(w)[pf(w)]* and

for ¢L* (w).

Exercise 8.2 From this recurrence derive that
(1 = AP )] YRk aw0) = (1= ) [of ()] )k w, w)

and symmetrically

(1 = D) k) Rl w, w) = (1= [ )} ok w) )kl ().
<&

We can bring a bit more symmetry into the recurrence for the kernels by considering nor-
malized versions of the kernels. Suppose L,(w) = [kE(w,w)]*/? is a left square root and
R, (w) = [kE(w,w)]/? is a right square root, then we call KX(z,w) = [L,(w)] *k,(z,w) and
KR (w,z) = k®(w, 2)[R,(w)] ™! the normalized kernels.

Exercise 8.3 Use the CD relations to show that pZ(w)k2 | (w,w) = kL | (w, w)pf(w). With
the left square root L, (w) and the right square roots R,,(w) that we just introduced, use this
result to prove that [L,_;(w)] ' pk(w)[Ry_1(w)] = [Lp_1(w)]" p2(w)[Ry_1(w)] ™' Thus we
succeeded in symmetrizing the p2 and pL and call the result p, (w) the symmetrized recursion
parameter from now on. The CD relations also imply that p,(w) is strictly contractive in
D, i.e., pfp, < I and hence also p,p < I. Similar observations can be made when p is
replaced by 7. &

We need one more lemma before we can state our symmetrized recurrence relation for the
normalized kernels.

Lemma 8.2 Define F(p) = I — ppf! and G(p) = I — pflp, then it is always possible to
choose the square roots L,(w) and R,(w) in the definition of p,(w) such that (recall that
AY? denotes the Hermitian square root and A~Y/? is its inverse)

[Ln_1(w)}*1[,n(w) = F(ﬂn(w))*l/zF(%(w))lm

and

Ry (w)[Ryr ()] = Glpn(w)) ™ 2G (a(w)) /2.

Proof. First note that F(v,) = L, (I — |C|?p%[pF])®) L,—1. Hence

Ly 1 F(y) L = (I = |G plpH) DKy (w, w),
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which by the previous exercise 8.2 equals (I — pZ[pE|H)kE(w,w) while I — pL[pZ]? =
L, 1F(p,)L,',. Thus we may conclude that F(v,)LZ L;# = F(p,)L;',L,. Multiply
by the inverse of F(v,) to get [F(p,)] 'F(v,) = L, L, L L. This is obviously positive
definite, so we can take its Hermitian square root @), = L;fanUn with U, some unitary
matrix. This U,, can be included in the left square root L,. This proves the first relation.

The second one follows by symmetry. O

We have now a simplified recursion for the normalized kernels which follows immediately
from the previous results.

Theorem 8.3 Define F(p) = I — pp!! and G(p) = I — p"p and the Halmos extension

R R | PR P | R

the following recurrence holds

[ K (0, 2) } 6. (e.m) [ K (0, 2) } |

Ky (z,w) KL | (z,w)
with
bu(ev) = Hpo ) ZoH G, 2ot = | TG,
where p,(w) is as defined in the previous lemma and v, (w) = —Cy(w)pn(w).

We can, like in the scalar case, define associated kernels LZ(z,w) and L%(w, z), which start
from the initial conditions L{* = I = L} and then obey the recursion

| [ = [ |

with 6,,(z,w) like in the previous theorem.
The matrices #, have some special properties. For example, it is clear that they are
para-J-unitary, i.e., they satisfy

6206, — 0,J0° = J, J— [é N ] .
This immediately implies
Corollary 8.4 For the normalized kernels KX, KB LL and LE, the following relations hold
o KE(z,w)LE*(z,w) + LE(z,w)KE*(2,w) = 2B, (2)I,
o K™(w,2)LE(w,z2)+ LI (w, 2) KR (w, 2) = 2B, (2)I,
o KMz, w)KE(z,w) = KE(w, 2) KI*(w, 2),

o Ly (z,w)Ly(z,w) = Li(w, 2) Ly* (w, 2).
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Proof. This follows from the fact that

I —I 2

Rx Rx 1 Rx
et

KL —LE

29

LR* KR* _ LR*
Lt KL+ LE

where ©,, = 0,,0,,_1 - - - 0;. Because all the 6, are *-J-unitary, the same holds for the product

O,,. Writing explicitly ©,,JO; = J gives the previous results.

O

The matrices 6,,, and therefore also the product ©,,, are also J-lossless, which means that as
a function of z, its entries are functions in the Nevanlinna class (ratios of H., functions), it
is J-contractive in D and J-unitary on T, thus 0, J02 < J for 2 € D while 6,,J07 = J for

zeT.

Among other things, it is shown in [5] that this induces the following properties.
o Kl(z,w), LE(w,z), KEF(w,z), and L% (w, 2) are invertible for w € D and 2 € DUT.

Hence also ¢f* and ¢Z* are invertible in D U T.

o [KL(z,w)]'LE(z,w) and LE(w, z)[K(w, 2)] 7! are Carathéodory functions for w € D.

o [KL(z,w)] ! and [KE(w,2)]7! are in H.

9 Recurrence for the MORF

9.1 The recursion

The proof of the recurrence relation for the MORF is given in different steps which we for-
mulate as lemmas. Note that in these lemmas the ¢Z and ¢ are temporarily just orthogonal
functions. They are not necessarily normalized in the particular way we agreed upon before.
In the ultimate theorem 9.4 we will be back to the usual situation.

Lemma 9.1 Starting with arbitrary invertible constant matrices ¢ and ¢F from

define fork=1,....,n

fi(2) = m———¢r1(2), fil(z) =

1—agz

Z— Ok Z — Ok—1
11—z

NxN
CH,

——— i (2),

Dif = ~CE (f, 06 )y, (FE 08N, s DI == (o8 D, (8 7D, CF
ov(2) = D f(2) + C i (2),  0i(2) = [if(2) DY + [ (2)CF,
then {pE}r_, and {p2}r_, form a left, resp. right orthogonal basis for L,. Moreover

D = G (. oy, (o, D= (o)
foranyp=20,....k—1 and

SN K5 D,

1 —apag— _ 1 —apag—
OoF — Ll Mo (o -1 OF — L V4R (o)
T a2 Or (1) [0y (1)) k 1 |Oék—1|2[ ko1 (1)) Oy (1),
1 —ap 1« H
L _ k—1%k 1 Lx
Df = —a g |10 (ann)) o ()|
and - .
— Q10 " * _
Dff =~z o (ar )9 (an )] |
1 — |Oék_1|
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Proof. This is by induction on n. The matrix DY is chosen in such a way that ¢F is left
orthogonal to ¢ and similarly for ¢¥. Suppose now that the theorem holds up to n — 1.
Then it is clear that ¢} € £, \ Ln1. Using (f, g)),,, = (f* "), it is not difficult to show
that it is left orthogonal to {%=%»—L, 5 C L,;, while DE is chosen such that ¢L is left
orthogonal to ¢f. Because for any f € L, clearly f(z) — f(a,) € =L, the left
orthogonality to £,,_; follows.

The relation between C’s and D’s follows because <<¢£ , gb£ >> = <<¢f, ¢§>>W = 0 for all

p=0,....k—1 O

Lemma 9.2 The following recursion also gives left and right MORF (we use the notation
of the previous lemma,)

o |- L L LR

n n—1

with
Ao = 2 (05000 D (0 820, M = —Zas (o ol (o ot

Proof. Setting

A= =z, [[DHTICHY, A = =z, [CR DR,

n

it readily follows from the previous relations that the right hand side of this theorem results

" Z[DH 6 (2)
z (DRI (2)

and because the ¢ are left orthogonal, so are the —z,_1[DL]71¢%(2) and a similar observa-
tion holds for the right versions. O

Lemma 9.3 If we work with orthonormal MORF, then

1 —-—a, 1«

L R — n—1&n

)\n = )\n - Zn—lzn1_4pn<an—1)
— QpQip_q

with the p,(w) the symmetrized recursion parameter.

Proof. Recall k2 = ¢ (a,,) and kL = ¢L*(«,) and the expressions for the \’s, the C’s and
the D’s to find that

— 1 - an— Qn — * —
e 71 i G HY) L G )

and
1—a,_10p . B _
)‘5 = znflznl — - [’ff—l]H[fbf (an-1)] 1[@1?(0%*1)][{[55—1] h
— pQin—1

We may now define matrices

NE = (L, 6N NE = (oF, gF)"2

I T
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and multiply ¢Z from the left by [NL]7! and multiply ¢£ from the right by [NF]71, then
we obtain orthonormal bases which we shall again denote by ¢~ and ¢Z. Note that the left
and right square roots can be chosen such that the leading coefficients are positive definite.
Furthermore, from the expression for AL and for pZ, we see that

1- Q100

A =Zn1z, [ ey GOy | L

1— anOCn—l

Finally use p,(w) = (K (w, w)[/2pk () [KE, (10, w)] )" and KE(an,ay) = wls
and K% (a,, a,,) = [kE]" kL to find the expression for \,,. O

Theorem 9.4 The MORF have initial conditions ¢§ = ¢t = I and satisfy the recurrence

L | =ee |GG |

n—1

with

) VI 1—a, 2
n\%) = —
V1=, 12 1—anz

where H(\,) and Z,(z) are as defined before and

H(ATJZH—I (Z)

1—a,104
M = Mnpn(Qn1),  Tn = znfn_ll_—l eT
— OpQp_1

with p,(w) the symmetrized recurrence parameter,

Proof. First note that

0] -2 [ e [

gives orthogonal functions, so that it remains to define the normalizing factors

. /2]t . . /217!
=[] e s ()]
Znu‘ Z,,u
From the CD relation it follows that

[ ) ]HJ[ ) | =~ G PR

PR (1) O () n—1

On the other hand, the recursion gives

[ o) | om0 T T

¢§*(O‘n—1) 1 —a,z 0 M, [/15 ]H

—1
Plug this into the previous relation and one gets (we set v, = /1 — |a;[?)

vz

2
771—1

M NIN N — MEM, = ——" 1.
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For arbitrary unitary matrices U, and V,,,

Np = LUH([ - )‘nH)‘n)il/Qa M, = n Vn<1 - )‘n)\rl;l)il/z
Yn—1 Tn—1

are solutions. The U,, and V,, can be used to normalize the leading coefficients of ¢Z and
OR. O

Again it can be noted that for all o, = 0, the matrix versions of Szeg6 polynomials appear
as a special case. The A\, which are in this case given by p,(0) and are the block Szegd
parameters.

9.2 Functions of the second kind
We can define functions of the second kind by setting ¢f = ¢ft = I as initial conditions for

the recursion L .
0] -0 0

n—1
with £, as in the previous theorem. Along the same lines as in the scalar case, it can be
proved that for n > 1

UH(z) = / D(t, 2)[6L(t) — o4 (Ndu(t),  BR(z) = / D(t, 2)du(®) [0 () — o7 (=)

Because
i L[ G HUEE) 6k L)

and (1 —@,2)T,(2)/7, is again a lossless and *-J-unitary matrix, we may conclude as in the
case of the kernels that

e oI and ¥/ have no zeros in DUT (a zero of a matrix means a zero of its determinant).
o (oI 71pI* and I [¢f*] 7! are Carathéodory functions.

o [¢2*]71 and |71 are in H.

o O (D)) + ()6, = 2P(t, an)l for t € T

o GLUL(1) + (1)L, — 2P(t an)] for t € T

o Gy = ¢y by and il = iy

10 Interpolation and quadrature

10.1 The kernels

We can obtain interpolation properties for the (normalized) kernels like we did in the scalar
case. This is related to polynomial kernels for varying measures in the sense that if kX (z, w)
is a left reproducing kernel for the left inner product w.r.t. u, then it can be written as
kl(z,w) = kL, (2,w)/|m,(2)]* where kf, (z,w) is the left polynomial reproducing kernel for
the left inner product with respect to the measure u/|m,|?. We have
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Theorem 10.1 If KL (2, w) is the left normalized reproducing kernel for L, with respect to
p, then for dpy; (t) = K. (t,0) Ky (¢,0)] 1 dA(t), we (f. 9N, = (f. 9N, for all f and g in
L.

Proof. It suffices to prove that for all f € L,: <<f, KL (., w)>>m = <<f, KE(., w)>>m£ because
for a set of n + 1 mutually different &, € D, the kL(z, &) from a basis for L,,. Therefore it
is sufficient to prove that for any polynomial p we have <<p/ Ty Ky (-, W >> i w)/mp(w).
If gzﬁk’n is a set of right MOPVM for v = u/|m,|?, it follows that by using the polynomlal
CD relation that KZ(2,0) = ¢f*(2)/m.(2), and thus, dul = |m,|*[¢pE*].¢%*. Therefore
<<p/7rn,k£(-,w)>>m% = I, — I, with

hi= s | [ PO 0105 0] @) o) osw) = 2

T ( t—w

Because the integral is by Cauchy’s theorem equal to p(w)[¢Z* (w)] 1.

n,n

1
I, = D65 (£))u 81 ()] (B () —dA(t .
= o | [ PONOE A0 G020 o)
This is zero becaus (o5« = oL (k). which reduces the integral to the Hermitian
conjugate of [[oL* ()] 'p*(t )1 —dA\(t ) and this is zero by Cauchy’s theorem. This concludes
the proof. O

Theorem 10.2 With Q,(z) = [ D(t, z)du(t) and QL (z) = [ D(t, z)duk(t) we have QL (z) =
[KE(2,0)] 7 LE(2,0) and the left outer spectral factor of,un isol(z ) [KL(2,0)]7t. Moreover
we have the interpolation property

Qu(2) — QL(2) = 2Bu(2)h(2)
with h analytic in D.

Proof. We know that [K(z,0)]7*LL(z,0) is a Carathéodory function and because 3[Q%(t)+

QL (1)) = [KL (t,0)KE(t,0)] 7, it is the Riesz-Herglotz transform of pZ. Also, it is obvious
that ol is a spectral factor. It is outer in H, because KX(z,0) is a rational function in H
and it does not vanish in D U T. For the interpolation property, note that with v = u — ut

Qu(z)—Qﬁ(z)_ 11 i 1 "
Ba(2) —/{Bn(z) Bn(t)]D(t’ )d (t)+/Bn(t>D(t, )du(t).

The first integral is zero because the term in square brackets is of the form f, with f = p/m,
where p is a scalar polynomial in t of degree less than n + 1. Thus it equals (7, fI)),,,.
Because fI € L, this integral is 0. The integrand for the second term is analytic in D
because [ f(t)D(t,z)du(t) is analytic in D for any f € L;(v) and any measure v. Because
{2,1),, = (I, 1), we get the interpolation at the origin. O

Corollary 10.3
O (2) = [K(2,0)]7 Ly (2,0) = L (0, 2)[K;1(0,2)] 7" = O (2).

Proof. Because [KZ (t,0)KL(¢,0)]71 = [KZ(0,t) KE (0,¢)]!, we have by the Riesz-Herglotz
theorem that QL = Q2 in D, but because it are just rational functions, equality also holds
on C. O
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10.2 The MORF

Similar properties can be derived for the MORF. Recall that P(t,z) = Re D(t,z) is the
Poisson kernel. We have

Theorem 10.4 Consider the measure dil(t) = P(t, a,)[oL, (£)dL ()] LdA(t), then in L,,
the inner products (-, ), , and {(-,-)), . are the same.

Proof. A proof will be given if it can be shown that the ¢Z, which is a left orthonormal basis
for p, is also a left orthonormal basis for il. This can be shown by a backward recursion.

Obviously <<¢,Ll,gbﬁ>>mL =1. Also for k=0,...,n—1:

(65 08Dy = [ 168 () '0F (P, 0) Bu(0)/ Bu(B)N)

which is zero by the Poisson formula. O
Theorem 10.5 With Q,(z) = [ D(t,z)du(t) and QL(z = [ D(t,2z)djik(t) where ik is as
in the previous theorem, then Qﬁ(z) = wﬁ*(z)[qﬁﬁ*(z)]_ ,and 6% (2) = ”11 a':’; [oL*(2)] 7! is

a right outer spectral factor of fit. Furthermore we have the interpolation property
Qu(2) = Ql(2) = 2Ba(2)h(2)
with h analytic in D.

Proof. The proof is complete parallel to the proof of theorem 10.2. O

Corollary 10.6
QL (2) = o (2)[on ()] = [0 (2)] ol (2) = O (=),
With these results, it is not difficult to derive a Favard type theorem.

Theorem 10.7 Let ¢L and ¢f be generated by the recursion of Theorem 9.4. Then there is
a positive definite measure on T for which they form a left, resp. a right MORF sequence.

Proof. This is along the same lines as the scalar proof of Theorem 2.7. a

This measure will be unique if A € BD and logdet ' € L; which follows from the complete-
ness of the basis of Blaschke products in Hy with respect to the norm |- |,

11 Minimalisation and Szeg6’s problem

If ®(s) is a function with Hermitian nonnegative definite values, then the problems inf ®(s)
and inf, tr ®(s) have the same solutions. By a solution we mean an s such that ®(s) < ®(t)
for all t. We have the following.

Theorem 11.1 The minimum of ((f, f),, for all f € L, with f(w) =1 is [kE(w.aw)]~?
given by and it is obtained for f = [kE(w,w)] kL (-, w), provided that det kL (w,w) # 0.
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Proof. Similar to the proof of Theorem 6.1. O

We have formulated this theorem for £, but it actually holds for any Hilbert module with
reproducing kernel.

Define the left Szegd kernel s”(z,w) = [(1 — wz)o™(2)(c*(w))"]~" with ¢%(0) > 0 with
w € D, then it is left reproducing in Hy. We can conclude that, as in the scalar case, some
vector valued stochastic process will be completely predictable if exp{ [ log det 1/ (¢)dA(t)} =
0, i.e. logdet p/ ¢ L. If we assume that the Blaschke products diverge (A € BD) and that
logdet ' € Ly (1 € SZ), then the set { B, }n>0 is complete in the Banach space Hy(u) (thus
with respect to the trace norm |- |g,). So the analog of Theorem 6.2 is

Theorem 11.2 Let u € SZ, w € D a fized number, and let sL(2) = s*(z,w) be the left Szegd
kernel. Consider the problem min || f — sk |7, over all f € L, then the solution is k}(z, w)
and the minimum is sk(w) — kX (w,w). If A € BD then lim,_ [kX(t,w) — sk (t)]s, = 0.

w

Proof. Because

(s = s = Mo = Cou Dy + 46 Mo = 2Re ((fr50)),,

By Cauchy’s theorem ((sf sL>>m = sk(w) and ((f,s% >f,u = f(w), so that we have to

wrTw
minimize sj(w) + (f, f)),, — 2Re f(w). Like in the scalar case it can be seen that this
minimum is obtained for f as claimed. Because A € BD implies completeness in the
Banach space Hs, we have convergence in the norm of this space. O

This problem is immediately related to the prediction of vector valued stochastic processes,
but it can also be interpreted in the context of inverse scattering theory or network synthesis.
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What we did not discuss

There are many things that were not discussed in this introduction.

First of all there is the scalar case with many things to be explored like further convergence
results, characterization of the properties of the ORF in terms of the recurrence coefficients,
moment problems, Nevanlinna-Pick and other classical interpolation problems. Some of
these are included to some extend in [3].

There is a completely similar theory of ORF on the real line when all the poles are outside
the real line. Interesting special cases are measures whose support is an interval or a half
line. In the latter case results in the vein of what has been developped here can be obtained
[29].

A slightly different theory emerges when poles are allowed to fall inside the support of
the measure (see e.g. [3]).

In all those cases there is practically no result about an operator theoretical approach
that generalizes the Jacobi matrices of classical polynomials.

For the matrix case, there is a huge literature on so-called Schur analysis. This involves
matricial Nevanlinna-Pick interpolation problems and tangential or directional versions. A
lot of energy is also spent on discussing generalizations of the Blaschke factors. Indeed
instead of just using B/ as a basis function, one could consider products of factors of the
form (;U; where U; represents a rank one matrix. The recursion, which is in our treatment
connected with J-lossless matrices, can be considerably generalized by replacing J by much
more general matrices with a finer structure. And all this could be extended to the non-
square matrix case. Etc.
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