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Abstract

Quadrature formulas on the unit circle were introduced by Jones et als.
in 1989. On the other hand, Bultheel et alrJ. also considered such quadratures
by giving results concerning with error and convergence. In other recent
papers, a more general situation was studied by the above four authors
involving orthogonal raticnal functions on the unit circle which generalize
the well known Szegd polynomials. In this paper, these quadratures are again
analyzed and results about convergence given. Furthermore, an application to

the Poisson integral is also made.

1. Preliminaries

In this paper we shall use the notation T = {z :|z| = 1}, D = (z :|z|<1},
and E = (z :|z| > 1} for the unit circle, the open unit disc and the exterior
of the unit circle. Let | be be a finite Borel measure on [-m,%]. In order to
estimate the integral,

r 0
L {f} = fle)duw®d) = | f(z)duw(z) = |f(z)dw(z)
ulf) = [ _fDau®) = [ f@)due) = [t

(we have taken the freedom to write the previous integral in different
forms but having in mind that integration will always be over the unit circle
in one form or another), the so-called Szegd quadrature formulas were
introduced in [1]. (See, also [2] for a different approach). Such quadratures
are of the form,

(f) = ZA;"’f(xJF“’), x:“)a&x;“), xgn)e T and AJ(_“]> 0,j=1,..n (1.1)
j=1

so that, I#{f} = In{f} for all fe A_(n_l)‘(n_n.(For every pair (p,q) of



integers, p < q, AP'c1 will denote the linear space of all Laurent polynomials
of the form,

‘zlcjzi, c€c

and A the space of all Laurent polynomials ([3], [4]). It is known that such
quadrature formulas (1.1) are of great interest to solve the trigonometric
moment problem or equivalently the Schur coefficient problem (see, [1]). On
the other hand, Waadeland_}ﬁ" [5] recently studied such quadratures for the

Poisson integral, that is, when the measure p is given by,

1 i o
du®) = I

, e (0,1)
1-2rcos® + r’

or more generally,

2 &
ap@) = 11T 98 e p, 2 = & (12)

|z-1|?
Observe that by taking r=0, we have the normalized Lebesgue measure dA(0)=
d6/2m. Szegd quadratures for such situation were also studied by Camacho and
Gonzélez-Vera in [6]. Finally, in [7] aspects concerning .~with error and
convergence were analyzed.

In this paper, formulas (1.1) will be again considered, but instead of
Laurent polynomilas, more general rational functions with prescribed poles not
on T will be used, giving ﬂrise to the Rational Szegdé formulas which were
earlier introduced by ourselves in [8] and [9] and where(lhe so-called Rational
Szegd functions play a fundamental role.

For completeness, let {ai}T c D be a given sequence and consider for n =
0,1,.. the nested spaces _Zn’ of rational functions of degree n at most which
are spanned by the basis of Partial Blaschke products {Bk}g where B0 = ], Bn =

E_,an_l for n = 1, 2,... and the Blaschke factors are defined as

N
BT =r
! ol 1- fxnz
By convention, we set & /|a. | = -1 for o = 0. Sometimes, we shall also write

B(z)=n_ o (2)/r(z);n = (D1 djf |aj|, o = n(z-aj) and T --n(l-écjz)
1 j

i=1
Note that if all the a. are equal to zero, the spaces jﬁ" collapse to the space



IT of polynomials of degree n.

We also introduce the following transformation f,(z) = f(1/z), which allows to
define for f € 7 the superstar conjugate as
*
£ @) = B (2f (2
Let now the sequence {c])Ijl :n = 0,1,...} be obtained by orthonormalization

of the sequence {Bn :n = 0,1,...} with respect to the inner product induced
by the measure |, namely

" . "
<tg>, = [ teg(e®)au(o)
-

These functions are uniquely determined by the requirement that the leading
coefficient kn in

0,@) = ) kB(@

is positive. We then have kn = ¢n*(an).
Finally, in order to summarize the main result given in [9] for the Rational
Szegd formulas, let us introduce the function spaces of the form

9%‘(; = _2;’_ + _%” = { P/(opnq; Pe I'IM}, p and g being nonnegative integers
Observe that "%:- = span {1, Bl_,...,Bn,} = span {1, 1/Bl,..., I/Bn}.
Therefore,

g%.q — Span {lpra I/Bp_lgon,]./Bl, 1, Bl, reny Bq}.

(% = ). When all the o are equal to zero, then B,(z) = Z* and one has

Q%q = span | % k = -p, -p+1, ...q} = A.pq. Furthermore, for w € T, set

xn(z,w) = q}n(z) B qu;(z), so that the following holds (see, [9]),
Theorem 1

i) xn(z,w) has n simple zeros which lie on the unit circle.
ii) Let Xis e X be the zeros of fn(z,w). Then, there exist positive

n

numbers Al, e A]n such that the formula In[f } = Z Ajf(xj) is exact, that is,
j=1

In{f) = IP«{f) forall fe &

n-1,n-1"

is said to be a maximal domain of validity.

In this case, &%
n-1,n-1

Moreover, it was also proved in [9] that the only quadrature formulas with
such a maximal domain of validity are just those ones given in Theorem 1,
where the weights Aj’s are given by
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A = J'Lj(z)du(z) (1.3)
Lj(z) € 2 = %Em_l defined by the interpolation conditions Lj(xi) =3J.

ij
(Actually, a more general interpolating function space %pq, p and q being
nonnegative integers such that p+q = n-1, can be considered, so that the

resulting quadrature formula does not depend on p and q. See [9]).

2. An alternative approach

In this section we shall give an alternative approach to get the above
quadrature formulas using Hermite interpolation in the space Q%_m_l (compare

with the approach given by Markov for the classical Gauss formulas [10] and
with the one given in [7] for the Szegdé formulas on the unit circle in the

polynomial case). Writing A = [Ot.i} lm and R= {1/ (xi: a.e A}, if\ is easily
seen that ?EM represents a Chebyshev system on any Sit X cc - (AUA), so that
given the distinct nodes {xj: j=1,..,n} € € - (AUA), there exists a unique
function Q € & holding, ru-ls [ oA

n-1,n-1

Q(xi) = f(xi), 1= 12,08 Q’(xi) = f’(xi), i=12..0-1

These are 2n-1 constraints, which corresponds to the dimension of 921 - In
n-1,n-

order to determine such Hermite rational interpolant, we can write
n n-1
U = ) B,@f) + | H, @)

where Hjo and Hj belong to 98  and satisfy the interpolation

n-1,n-
conditions
= < ii<n ’ = <i<n. 1<i<n-
HLO(xj) 8ij, 1<ij<m Hip(xj) 0, 1<i<n, 1<j<n-1 (2.1)
Hil(xj) = 0, 1<i<n-1, 1<j<n; H: 1(xj) = 53j, 1<1ij<n-1 (2.2)
Denoting N (z) = n';(z-xj), we set for i = 1,2,...,n
N@|*n_(x)
L?(Z) = ZI-'IX 2n-2 1 e f

1

n, @INx)I?

which satisfies L:i"(xj) =0,1<1i#j< n. Define Ln 0(z) = Lj(z) and

Z - X
_ i 2 s
L (@ = L}(2) + A— w L@ e £, fori= 121
with Ki € € chosen such that L; 0(xi) = 1. Furthermore we set
B :
L@=&-=x);5L@e Z, ,i=12..n1

n



It is simple to check that
Li.o(xj) = Si.i' 1<i,j<n; L;.i(xj) = 0, 1<j<n-1, 1<i<n 2.3)

and o

Li I(xj) = 0, 1<i<n-1, 1<j<n; L; l(xj) - ai.j’ 1<ij<n-1  (2.4)

From (2.3) and (2.4), we can set for i = 1,2,...,n-1

m-az) o (x

)
H (2= — “[L(z)+p,L(z)]e%
i,0 Z n:n-z(l"&jxi) (V] (Z)

n-1
n-

where M, is uniquely determined by the condition H;'o(xi) =0 and

r3(1-az) © (x)
H, (2) = 8 j o Sl L @€ %

ﬂ:n-z(l_&jxi) (on_l(z) 1,n-1
satisfies the requirements (2.1). Similarly, the functions
m-az) o (x)
Hi.l(z) = Lih(z) € 9%_““ (2.5)

i ax) '
satisfy the conditions (2.2).

Once the interpolating function Q(z) € 9%_13_1 has been characterized,

one gets

e = _ T " mes
I(f) = [Q@)du() _jzlxj fx) + j};lﬁj f(x) (2.6)

where ?L;n)= ij [(@dp and ﬁ;") = JHjl(z)du. Therefore i\n{f } can be

considered as a quadrature formula which makes use of values of the function f

and its derivative. Clearly ?n[f } has a domain of validity % n . However,
an adequate choice of the nodes {x} can greatly simplify formulas (2.6).
Indeed, when {x } are the zeros of q) + w¢ (|w| = 1), one has

Theorem 2

The quadrature formula i\ {f} given by (2.6) reduces to an n-point Rational
Szegd (or an R-Szegd, for short) formula when the nodes are the zerq, of

¢ + qu (lw] =

Proof. We write x= ¢n + wt])rl = Nn(z);:rl:n(z), Nn € l'[rl and Nn(xj) =0,j=
1,....,n. Note that N is not necessarily monic. By the characterization

theorem for R-Szegd formu]as (Theorem 1), it suffices to show that 5:(“) = 0,

for i = 1, ..., n-1. But ﬁg") = IHil(z)du, where H_l'1 is given by (2.5).



Hence, we have to prove
2“ O u.z) Z-X,

I © (z) zZ-X_

From the definition of Li, this integral can be written as (up to a constant

L L(z)dp = 0

factor)

N (z) Nn 1(z) Nz ((1-a z) N (z)

f @ Tx )o@ T Jn(z) Ex)e. (@ °

= [x,@h,@du = x>

(1-x z) ... (I-x__ z)(z-a )
where h(z) = - = jf’ and h(c. ) = 0. Thus, h belongs
(I-J'Liz)ifcn_1 (2)

to _é';:lﬁ .%(cx.n) (_Zn‘[an)= {fe _Zn’ !f(an) = 0 }). Now, by the orthogonality

properties for y it follows that <xn’h>u = 0.0

Remark 1

Note that the same result can be obtained if the following interpolation
problem is considered. Find Qi = %Mn_l (i = 1,2,...,n) such that

Q) = f(x), j = 1.2,...m; Qi(x) = f'(x), 1sj<n (i) 2.7)

We can conclude that an n-point R-Szego formula I {f } is given by I ( f} =

= _I-Q (z)dy, where Q is the unique solution to the mterpolauon problem @0

and {x} are the zeros of xX(@ =6 + w¢o (|]w| = 1). Certainly, the given

approach could be useful in order to give an expression for the error E (f} =
=1 (f} -1({f} =1 (f- .
W) - Lif) =1,(f- Q)

3. An application to the Poisson integral

We shall now characterize the n-point R-Szegé formulas for the measure [
induced by the Poisson integral kernel given by (1.2). In this sense, the
first step is obtaining the orthonormal system [¢n), n = 0,1,... We know 6,=1
and for n = 1,2,..., ¢on has to verify the conditions (i) ¢n & .é;: - j}il;

<¢,:4,>, = 1 and (i) <¢ B> =0,k =01,..n1

From (i) one finds
¢ (2)(1-|r|?)
Bk(z)(z-r)(l-i’z)

<¢,B>, = J'q;(z)B—(—jdp J'



2 o (z)
c li | l'| J‘ n - dz
ol | B, (z) (z-1)(1-f2)
The denominator Bk(z)(z—r)(l-fz) vanishes at z = o, i=12..kand z =1,
which are all inside the unit disc D and the other zero 1/r is in E. If this

integral has to vanish, ¢nshou1d be zero at z = o, 1= 12,..k and :z'= 1.

This gives in combination with condition (i) that ¢n should have the following

form
(z-r)B _(2)
¢ (2) = knTg(—- € Landk #0 (3.1)
For 0 < k < n-1, it is easily seen that
k(1-]r|>) . B_ (2)
_ n /X dz _
<¢'n’Bk>p - 211 IT Z-0.  { &5 =i g, )

where Bm_k = Bn / Bx’ and thus B nﬂc({)*.n) = 0. The constant kl1 is determined by

2 isjo T2
1= <05, = Ik [> L so that |k | = [—1

I-|a | 1-|r|?

The leading coefficient is found as follows

-tz 1
6 (2 =k B @ (3.2)
o o 1-6(.[_]2 n =
. ol - 1-a r
So that ¢ (z) = k —=-and thus ¢ (& ) = k ——-—-i-—z— . Since the leading
n n 1_anz n n n 1_ | anl

coefficient has to be positive,

1_ | o 291/2 )
kll = _1|—I|l2 exp(iyn), y, = -arg(l - ocnr)
-|r

We can check some particular cases.

(1) r = 0, which delivers the Lebesgue measure. Then

an(z)

Y = -arg(l - d.nr) = -arg(l) = 0 and 6 (2) =V 1-|0t,n]2 o

This corresponds with the result in [11]. When all the 0. are equal to zero,
we recover the well known result that ¢ (2) = z.

(2)x = Q. One then has
Y, = -arg(l - |a |) = 0 and ¢ (2) = B (2)
(3)r#0,0 =0,k=12,.. Then



(z-r)B _(2) :

b (2) = —
This was obtained by Waadelandt in a recent paper [5].
A %
The equation xn(z) = q)n(z) - wq)n(z) which provides the nodes takes the
form

= (zn" = 2" + ¥

%@ = k [(zD)B (/(z-0)] + Wk (1 - T2)/(1 - &.2) = 0

or equivalently
A
[(z—r)Bn(z)/(z-OLn)] + w (1- r2)/(1 - ﬁtnz) =0, withw=w l'cn/kn e T.

Using Bn(z) = nnnn(z)/mn(z), we get
x,@ = [z o (2 + wr_ (2)(1-12)l/n (z) = N (2)/m (2), N € II  (3.3)
The nodes xj satisfy Nn(xj) = 0. When r = 0, one obtains
zB_(2) = |a|w /& (3.4)

Note that when o = 0, this reduces to z' = -w and the nodes xj are
uniformly distributed on T, see [6]. Let us suppose thatn = 2, o, = a = 1/2,
then (3.4) gives

22% - (14w)z + 2w = 0

and the interpolation nodes X X will be:

Forw=-1:x =1,x =-1
1 2

For w = 1: x = (1+v31)/2, X, = (1-v3i)/2

For w

]

4 x = [(1+V7) - (1VD)il4, x, = [(1-V7) - (1+VD)il/4
ie x = [(1V]) + (1+Dil/4, x, = [(1+V7) + (1-V7)i)/4

For w

For the weights, one has in the general case
~ g xn(z) -0, z 1 - |r|2
Aj B ij(z)d].L(z) - 2m IT =3

1 xn(r) I-tinr

xn(xj) r-xj

dz

l-ﬁnxj x;(xj) (z-r)(1-rz)

l1-a x.
n

j
where xn(z) = Nn(z)/ﬂ:n(z) is given by (3.3). Since xn(r) = w(1-|r|2)/(1-6tnr),
we find

A = wd-|r|)
b)) (rx ) (16 x)

,j=12...n



On the other hand, since xn(xj) = 0, we get x;(xj) = Nr'l(xj)/nn(xj) where

Nn(z) = (z-r)‘nn(nn_l(z) - wnn_l(z)(l-i'z) (31.5)
Use Nn(xj) = 0, to find from (3.5) that

nn(xj) = (1-&nxj) (xj-r)nn(on_l(xj)/w(l~ij)

which implies
1-|r|? o -1(Xj)

Aj =" l_ij N,n(xj) (3.6)
Now use
k o i ko
nk(xj) = - n“(xj)j; l-dixj and (nk(xj) = (Dk(xj) jZl X-0
to obtain from (3.5) and (3.6)
n-1 o f’(r-){_)
- 1 k
A = (1-|r|d) / (1x)[1 + x-1) [ ; ] . )
J | d [ ’ kz=:] L l-dkxj 1-rx.
so that for j=1,2,...,n
-1 1-|a |
A= (-r) [1 e+ —“] 3.7)

2
k=1 |xj-0¢k[
where the positivity of the weights is clearly exposed. Again, when all the o
are equal to zero one gets
2
A = 1 = |

T L] j = 1!2!'"1“
boo1-r? + (n-l)[xj-riz

If we set :1;'i = exp(iGj) and r € (0,1), then

|xj -r|®= [exp(i@j) -rl=14+7 -ZYCOSGj
Therefore

2
A = L~ ] ,
b 1-ir|® + (n-1)(1 + r*-2rcosH)

J
The same expression was obtained by Waadelandf [5] for the polynomial case

j=12...n (3.8)

If r = 0 (Lebesgue measure), it follows from (3.8) that Aj =n" for )=
I,...n. That means that the corresponding Szegé formula for the polynomial
case has all its nodes equally spaced on the unit circle and all its weights
are equal to n"'. (Compare with the results given in [6]).

In the special case r = a, (3.8) yields



n 1-lo
A = (-|o |®) / [ |x - o |} |—‘°2 ] (3.9)

Some concluding example: assume that o =« for k = 1,2,...,n and take
also r = o.. Then
¢ () =B (2, 9(z)=1and y = ¢ + wo =B (2) + W
(o/|a|)o - z)/(1 - Gz), the nodes X, are

Because now B_ = " with {(z)

(2]
1 =@z

Setting r, = W™ j = 1,2,..n, we get x = (o - /1 - Gr). As for the

solutions of

- A
-wlja|"/o"=we T

weights, one gets from (3.9)

=l s
Aj—"'ﬁ—:]—l.z ,,,,, n.

4. Convergence

Let In[f} , n = 12,., be a sequence of R-Szego formulas (take into
account that for each n/In{f } represents an one-parameter family of quadrature
formulas), that is

I {f} = ZA;“’f(fo“’), X xJF“’(i;ej), x;n)e T and AJF“’ > 0, j=1,2,...n

where the wjeiéhts A;")are given by (1.3). In this section, we shall study the
convergence of such quadratures for any function f in the class R (T) of the
integrable functions on T with respect to the measure . For this purpose a
first result we shall need is

Lemma 1

Let us define 9% =0 = _2/:+ .%”‘ and 2= 9% , then SRis dense in the

n,n
class C(T) of continuous functions on T, iff E (l-|0cn|) = oo,

Proof. This is a direct consequence of the “closure criterion” discussed
in Addendum A.2 of [12 p. 244].0

Wew are now ready to prove a first result asserting the convergence in
the class C(T). Indeed, one has

Theorem 3

Let f be a continuous function on T, then
lim L(f) =1 (f) = J’f(z)dp(z)
if ) (1-|a |) = .

10



Proof. Let € be a given real positive number. Take
g =€/ 2u0 where iy = Jdp,(z)
By Lemma 1, there exists RN € 5% such that

|f(z) - RN(z)| <€’ ,VzeT

n
Assume n > N and write I (f} = EAJF“’f(xJF“’), then
j=1

Ill{ﬂ - In{f} = Ip{f'RN} + In{RN-f}.
Hence,

[T, if} - Lif}] < [1f@R (@) |duz) +J-El AP ™) - R ()| < 2u¢ = e

n
(Recall that AJ?“’> 0,j=12,.n and ):AJS“’ = p)o
j=1
Assume now f a complex function defined on the unit circle T which is
integrable with respect to the measure |l. We can write
f(z) = fl(G) + if2(9), z = exp(if) 4.1
where fj(B), j =1,2 are real valued functions defined on the interval [-m,7].
Let us first suppose f is a continuous function, or equivalently fJ G = 1,2)
are continuous functions. From Theorem 3, we can write
lim L(f) = 1,(f), =12 42)

Now parallelling rather closely the arguments given in [13 pp.127-129] it can
be seen that (4.2) is also valid for integrable functions because of the fact
that any sequence of integrahlé rules with positive weights which converges
for all continuous functions ) convergres for all integrable functions with
respect to a finite Borel measure | on [-Tt,7t].

Let now f € Ru(Tj_’g’g From (4.1), one can write

Iu{f} = I“{fl] - ﬂu”z’ and In{f} = In{fli -~ iIn{fz} 4.3)

Thus, by (4.2) and (4.3) the next corollay immediately follows
Corollary 1
Under the same hypothesis as Theorem 1, one has
Il)_l)g;l In[f} 2= Ill[ﬂ for any f € RLL(T)

Remark 2
When all the o.are equal to zero,then the Blaschke condition Z(l-]an|)=oo

holds trivally, and the convergence of the Szegé quadrature formulas
introduced in [1] is guaranteed in the class Ru(T) (see also [7] for a direct

11



proof). On the other hand, the special case when the sequence {an} consists of
a finite number p of points cyclically repeated (see, e.g. [14]) the Blaschke
condition also holds and therefore the convergence of the corresponding
quadrature process is assured.
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