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Abstract

Let a sequence {an} of numbers in the extended complex plane of one of the following four kinds be given:
1) All @, are interior to or exterior to the unit circle. 2) All a, are on the unit circle. 3) All a,, are above
or below the real line. 4) All a, are on the real line. In each case the sequence {a,} gives rise to a space of
rational functions and an orthogonal base in this space with respect to a given functional. Various kinds

of recurrence relations satisfied by the elements of this orthogonal base are discussed.



1 Introduction

In this paper we shall use the following notations: D ={z: € C:|z|]< 1}, E={z€C:
|2l >1}, T={2€eC:lz]=1}, Hy={2€C:Imz>0}, H.={2€ C:Imz <
0, R={z2€C:Imz=0}.

The Cayley transform 7 shall here be defined by the formulas

N R D T - et T
EE,Z—T (Z)_Z+3. -oED, Z€H+ (11)

The transform z — Z maps D onto H,, F onto H_ and T onto R.

L= iz}

The substar conjugate f. of a function f is defined as

fi(z) = f(1/7). (1.2)
When f is a rational function, this may be written as
f(2) = F(1/2), (1.3)

where the bar denotes complex conjugates of the coefficients. Similarly the subtilde con-
jugate f. is defined by

f~(2) = f(2). (1.4)
When f is a rational function, this may be written as

ful2) = F2). (1)
Wewmet iy = {Ls s L6 Ly} L & (I HEL):

The setting of this paper will be certain spaces of rational functions with a functional M
defined on them. The functional M gives rise to an inner product < > (not necessarily
definite) though the formula

< f,9>= M(f(z) - g.(2)) (1.6)
or
< f,9>= M(f(2)- g~(2)). (1.7)

When < f, f ># 0 for all f in the space under consideration, we shall call M and <, >
quasi-definite, and when < f, f >> 0 for these f we call M and <, > positive definite.
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When <, > is defined by (1.6) we shall talk abaout the circle-disk situation, and when
<, > is defined by (1.7) we shall talk about the line-plane situation.

When pu is a finite (positive) Borel measure with infinite support on T or R, positive
definite functionals M (an thereby positive definite inner products) are defined through

M) = [* £(e*)du(o) (18)
in the circle-disk situation,

M) = [ stdu(t) (1.9)
in the line-plane situation.

The spaces of rational functions that will be treated arise in connection with Nevanlinna-
Pick interpolation theory. The aim of this paper is to study certain properties of orthogonal
bases for these spaces, more specifically recurrence relations connecting elements of these

bases.

The theory of orthogonal sequences in these spaces (for the case that all interpolation
points are in D) was initiated by Djrbashian in 1969 (see [14]), and independently by
Bultheel, Dewilde and Dym (see [3,5,13]). For a general introduction to recent work on
this theory, see [6]. Other papers discussing these and related spaces are [9,10,25,29]. For

earlier work on recurrence relations in these spaces, see [6,7,8,10,16,17,27,28].

When all interpolation points coalesce at one point, the situation is essentially a polynomial
situation, and when the interpolation points consist of two points cyclically repeated, the
situation is to a large extent a Laurent polynomial situation. In particular when the one
point is the origin in the circle-disk situation, orthogonal polynomials on T are obtained, see
[15,21,22,34], while when the one point is the point at infinity in the line-plane situation,
orthogonal polynomials on R are obtained (see [1,2,11]). When the two points are the
origin and the point at infinity in the line-plane situation, orthogonal Laurent polynomials
on R are obtained (see [18,19,20,24,32]).

2 Interpolation in the unit disk

Let {a,: n=1,2,...} be an arbitrary sequence of (not necessarily distinct) points (inter-
polation points) in DU E. We shall always assume that a; # 1/a; for j, k = 1,2,.... Note



that 1/@; € E if and only if a; € D, hence a; # 1/aj is always satisfied if a, € D for all

nor a, € FE for all n.

We define the Blaschke factor ¢, as the function

T (an — 2)
n(2) = ———, n=12, ... 2.1
(By convention we set T%_:] =-1ifay =0.)
The Blaschke products B, are defined by
Bi(z) =1, B.(z) = |] (de), n=1,2,... (2.2)
k=1
We define the spaces £,, L by
Ln= Span{B;: k =0,1,..,n}, £=U_L.. (2.3)
The functions in £, are exactly the functions that may be written in the form
n(2)
L(z) =2 (ﬁ ; (2.4)
ma(2)
where
m(z) = [[(1 —az2), n=1,2,... (2.5)
k=1

and p, € II, (the space of polynomials of degree at most n). This follows by partial fraction
decomposition. In particular the situation reduces to the polynomial case £, = II,, when

a, = 0 for all n.
For f € £, we define its superstar conjugate f* by
F*(2) = Bu(2)1.(2). | (2.6)

Note that this transformation depends on n. It must be clear from the context what n is.
Also note that f* € £, when f € L,.

Let M be a quasi-definite functional on £, 4 £,., and let <, > be defined by (1.6). Let the
sequence {®, : n =0,1,2,...} be obtained by orthogonalization of the sequence {B,} with
respect to <, >. We shall assume that all ¢, are monic, which means that the leading

coefficient k, = «{*) in the decomposition
n
®.(z) = Y xMBy(2) (2.7)
k=0
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equals one, i.e. k(™ = 1.

The following orthogonalitty properties are valid:

< fi®i>=0 for FE€Li (2.8)
<g,®,>=0 for g€ (L. (2.9)
Recall that we may write
_ Pul2)
O lz) = L Fo & Ty (2.10)

By substituting ay, for z in the expression for ®;(z) obtained from (2.4), we easily verify
that

8 (o) = 1. (2.11)

We shall call the index n and the function &, degenerate if ®:(a,_;) = 0, non-
degenerate otherwise. We shall call the index n and the function ®, exceptional if
®.(an-1) = 0, non-exceptional otherwise. Note that in the polynomial case (a, = 0 for
all n), ®;(an-1) = @ (as) = 93(0) # 0, so that the degenerate case can not occur.

The following Christoffel-Darboux formula can be shown to be valid (see [6], where only
the case a, € D for all n is explicitely treated) when the inner product <, > is positive
definite:

(7 (an))*[®7(2)®; (w) = Ba(2)@n(w)] = [1 = (a(2)¢n(w)] E[QZ(ak)lz‘l’k(Z)@k(w)- (2.12)

k=0

Proposition 2.1 Assume that the functional M is positive definite, and that o, € D for
alln or an, € E for all n. Then all , are non-degenerate.

Proof:
By setting w = z in (2.12) we obtain
[1 = 1G] [127(2) 17 = |@a(2)I7] > 0. (2.13)

From this it easily follows that ®;(z) # 0 for z € D if @, € D, ®,(z) # 0 for z € E if
an € E. Thus ®;(an—1) # 0 for all n if a, € D for all n or a, € E for all n. ]

Cf. the discussion above of the special case a,, = 0 for all n. i.e. the polynomial situation.
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3 Recurrence in the disk situation

For the sake of completeness we state a version of the fundamental result on Szegd type

recurrence for the orthogonal rational functions.

Theorem 3.1 The sequence {®,} satisfies the following recurrence relation:

2 — Qn-1 — Qp-12

1 -
¢n(z)=€nﬁ¢n—l(2)+6“ g @,‘_1(2), ne=1.2 . (31)
g - O Y 1 - 8532
“(2)=6,———B,_1(2) + & & _z), n=12 .. .
8(2) = HIT D0, (2) 4 T8, (2), n=1,2 (32)
O.'0=0._ @0:1, @a:]. (33)

The coefficients 6, £, are given by

(1 = an—1a7)®@n(an-1)
b= .
1 - |an-1|?)P5(an-1) (3.4)

. _E’f;(l "man)(p;(an—l). (35)

|lan|(1 = |an-1]?)

Proof:
The results follows from [7, Theorem 4.1]. ]

Corrollary 3.2 A function ®, (or an indez n) can not be both degenerate and exceptional

at the same time.

Proof:

Follows from (3.1)-(3.4) since ®,(z) # 0. ]

We note that in the polynomial case we have ®;,(0) = 1 for all n, hence §,, = ©,(0), €, =1

(recall that (g_nj = —1 in this case), and (3.1)-(3.2) reduces to the classical Szegd formulas
0.(z) = 20,_1(2) + ©.(0)®;_,(2) (3.6)
®;(z) = ,(0)zPn-1(2) + @5 _,(2)- (3.7

Since in this case £, = 1, ®, can never be degenerate.
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Proposition 3.3 If the functional M is positive definite, and all a, € D or all a, € E,
then |6,| < |en| for all n.

Proof:

We recall that in this situation ¢, # 0 (see Proposition 2). From (3.4)-(3.5) we get
du 8 il
S (T y-12a(ans) (3.8)
€n Ianl @;(an_l)

The proof of Proposition 2.1 shows that |®7(am)| > |®.(awn)| for all m,n when all a,, € D
and when all a,, € E. It follows from (3.8) that |f—:| < 1, hence |6,| < |ea]- ]

Theorem 3.4 Assume that @, is non-degenerate. Then the following recurrence relation
is satisfied:

1. 1 ——
@u(2) = 205(2) + E:(|en|2 — [a) 22,05 m= 1,2, (3.9)

n 1-—- n<

In particular, this is the case when the functional M is positive definite and all a, € D or
all a, € E.

Proof:

This formula is obtained by substitution for ®;_,(z) from (3.2) into (3.1), €, being different
from zero. U]

We note that in the polynomial case (3.9) reduces to the well-known formula (see e.g. [22])
B, (2) = 8,95 (2) + (1 = |64]?) 2@ (2). (3.10)

We shall call the sequence {®,} non-degenerate if all ®, are non-degenerate. We observe
that if {®,} is non-degenerate then (3.2) and (3.9) together define a three-term recurrence
relation in the sequence {®o, ¥}, 94, 3, ®,,..., 9%, ,,...}, and thus the elements of this
sequence are denominators of a continued fraction. (For basic information on continued

fractions, see [23].) We state this property formally in a theorem.

Theorem 3.5 Let {®,} be a non-degenerate sequence, and define

Qam(z) = ®(2), m =1,2,.. (3.11)
Qimiilz) =Bplz), m =012.. (3.12)
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an(z
ba(z)

S

Then the sequence {Qn} form the denominators of a continued fraction K2 , where

the elements a,(z), bn(z) are given by

l —an13 1 O
Ggm(z) = gm_..__i;_l_, a2m+1(z) = _.—_—-(lgml‘2 b ]6’“]2)2__:_1’ m=1,2,.. (313)
l —a,z 59 1
bpald) = T Ot pe i (3.14)
m{Z) = ml_a.;‘.‘.z$ m+1 —S_m—‘ = Ly Ly enas .

The recurrence relation satisfied by the denominators {Q,} are thus

QZm(3)=Ez_l.:g_’“_l.sz 1(2) + &5 l_ﬂm IHQ;m alel,, mael R .. (3.15)

aml

Q2m+1(2) = f:""c)zm(zwrEé(leml2 [6m]? ) ng 1(2), m=1,2,.. (3.16)

a0=0, Qo=1, Q =1. (3.17)

In particular the above results hold when the functional M is positive definite and all
a, € D oralla, € E.

In the polynomial case (all @, = 0) the continued fractions above reduce to the well-known
PC-fractions (Perron-Carathéodory fractions), see [21,22). The PC-fractions are closely
related to the Carathéodory Coefficient Problem. The continued fractions described in
Theorem 3.5 shall be called NP-fractions (Nevanlinna-Pick fractions). These continued
fractions are related to the Nevanlinna-Pick Interpolation Problem (cf. [1,26,33]) in a
way that directly generalizes the relationship between PC-fractions and the Carathéodory
Coefficient Problem. For connections between the Nevanlinna-Pick Problem and general

system theory, see e.g. [12].

We shall call the sequence {®,} non-exceptional if all ®, are non-exceptional.

Theorem 3.6 Assume that ®,_; is non-ezceptional. Then the following recurrence rela-

tion 1s valid:

1 On
[En(z = a’n—l) +Z,

1~ a’: 671—1

6 (Z Qp— 2)[|€n_1|2 !6n~1]2]¢n—?(z) = 2, 3.,
5n 1 (1 o Q

(1 - &=72)]®n-a(2) (3.18)

®.(2) =




l en—lén

P2(z) = —[en (1 —angz) + (z = an-1)]®;_,(2) (3.19)
— Oz 6:1-—1
a a2, (z = aﬂ—l)(l _aﬂ_—?:) =
s En- o 671— p < e 2| )
6‘1_1“ 1{ | 1| ](1_0—“2)(1_01“_1:) q)n»-i( ) n 3
Bo=1, Bi=1, Gifsye 2ty TR (3.20)
— a1 1 - 1<

Proof:
Immediately from (3.1)-(3.2) with n replaced by n — 1 we obtain

1 1-a,3¢2 Erel T — @yn

Y -4 . G - Q. 52 :
(I)n—"z( ) 6:1—1 . Q’n_gzq’ 3(2) én—l ] w a5z 2( ) (3 21)
1 l—-a,7z2 Bl | ~8 =t
~slz) = . {12 — . i . 22
Bualz) = = Sy () - B gy (o) (3.22)

By substituting from (3.21) for ®;_, and ®;_, in (3.2) with n replaced by n — 1, we obtain

(3.18). Similarly by substituting from (3.22) for ®,_, and ®,_, in (3.1) with n replaced
by n — 1, we obtain (3.19). ]

Theorem 3.7 Let {®,} be a non-ezceptional sequence. Then {®,} form the denominators

of a continued fraction K,?‘;I-glgj)», where the elements an(z), b,(z) are given by
611 Z — Qn-2 2 2
sule) = 2= 2B R i (3.23)

6,1_1 1—-a,z

1 "
s ez ) A E (T, =23, (3.24)

ba(2) =

and {®;} form the denominators of a continued fraction K:‘;I-:;"(Tz;
il 2

, where the elements

cn(2), du(z) are given by

_ _bn 2 (z = an-1)(1 — @n32)
Calz) = : - [|6n-1] |€n-—1|2] d—a2)(1 = ) 5 (3.25)
dn(z) = ﬁ[ﬁ(l —'0—::?2) > Eg—ifﬂ(z T an—l)]! B 2131"' ' (326)

The recurrence relations have the form (8.18)-(3.20).
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Proof:

Immediate from Theorem 3.6. UJ
In the polynomial case (a, = 0 for all n), the formulas (3.18)-(3.19) reduce to the formulas
5,1 6“
®.(2)=(z+ 5 )®n-1(2) = (1 - |5n_1|2)6 12‘1",._:(2) (3.27)

n-1 n—
; | [N rop
B;(2) = (1 + 22 2)85y (2) = =1 = [80s 1) 85 (2). (3.29)
n-=1 n—1

These are M-fractions and general T-fractions, respectively. (See [23].) Continued fractions
of the form (3.18) or (3.19) are instances of MP-fractions (Multipoint Padé continued
fractions), see Section 5 (cf. [17,30]). They bear the same relationship to multipoint Padé

approximation as general T-fractions and M-fractions to two-point Padé approximation.

For a short treatment of continued fractions obtained from the basic recurrence formulas
(3.1)-(3.2), see also [6], with reference to [4].

4 Interpolation on the unit circle

Let {a, : n =1,2,...} be an arbitrary sequence of (not necessarily distinct) points on T.
Note that 1/a;, = a,. We introduce functions w, by

L

wo=1; w(z)= Tz ~m), n=12., (4.1)

k=1

and define the spaces £,, and L by

i 1 e
Ko Span{w—o, w—l,...,w—n}, L= s (4.2)
We may also write
2Mo i g
£, = Spanl=—, , 0<mi <k 4.3
and
Cn o Span{o'g, 0, '“’Un}v (44)
where

(1 + 2)" TR, (1 + o)

wn(2)

R (4.5)

go=1, Oa=
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(We have for convenience assumed that z = —1 is not among the points a,. If a, = -1

for some n, a slightly different definition can be used.)
We observe that g,. = 0,,and £,. = {L.: L € L,} = C,.
The functions in £, are exactly the functions that may be written in the form

L(z)= Botd) pn € I1,. (4.6)

1 wn(2)’

(This follows by partial fraction decomposition).

We shall have occasion to work also with the spaces £, - £, and £ - £. Note that
Ly Ly CLyy £-L C L,sincel € L, Tor all n.

Let M be a linear functional on £ - £, and assume that M has real values for all functions
in £ that are real on T'. As before we define the inner product <, > by (1.6), and assume
that this inner product is quasidefinite.

Let {®,} be the monic orthogonal system obtained by the Gram-Schmidt process from the
sequence {0, } (or equivalently from the sequence {J-}). That ®, is monic means that the

coefficient of o, in the expansion of @, is one. Thus

Ou(z)= ) Wou(z), =1, P eR (4.7)
m=0
We may write
Pa(2)
n - n Hn- .
®,.(2) e P, e (4.8)
We easily verify that
D..(2) =84z}, n=08.112... (4.9)

Note that P,(a,) # 0 for all n. We shall call the function @, and the index n singular
if Po(an-1) = 0. (Note that the properties of being degenerate and of being exceptional
coincide in the circle situation, because of (4.9), and we use the word singular for these

coinciding phenomena in this case.) We shall call ®,, and n regular if P,(a,-;) # 0.

5 Recurrence in the circle situation

We shall in this section state without proof a general result on three-term recursion in the
circle situation, and briefly discuss two special cases with one interpolation point repeated

and with two interpolation points cyclically repeated.

il



Theorem 5.1 Assume that the system {®,} is reqular. Then a recurrence relation of the
following form holds:

®,(2) = ( An +an_a“*2) ()+C———a—"-3 Bedlt), w2 l.... 81

z—ay, z—ap —ap

with the initial condition
ag = 0. (5.2)
The constants A,, B,, C, satisfy the inequalities
As+ Balogy~an-3) #0, n=23,.. (5.3)

Ch#0, %23 (5.4)

Proof:

See [10]. Cf. also [16], which treats the cyclic situation in the line case (discussed in Section
6). o
It follows that the orthogonal functions {®,} are denominators of a continued fraction

Ix,?"l:i}ﬁ%, with elements
Cn(z i an—?)

Z = Oy

—
ot
[$1}

S

Gu(2) 2=

A, — Qp_
bn(z)x(z_ +an Qn_2

" .6
o S (5.6)
Continued fractions of this form have been called MP-fractions (Multipoint Padé continued
fractions). See [17] for further discussion in the cyclic case. Note that if a, = 1 for all n,

then ®,, is of the form
®n(z) = Z l)m e

Corrollary 5.2 Leta, =1 forn =1,2,.... Then the sequence {®,} satisfies a recurrence

relation of the following form:

A

®.(z) = - —ﬂl n-t{2) + Calla5(2), n=1.%.. (5.8)
A, 20 for n:3.3,.. (5.9)
Co#0 Jor 0n=53.. (5.10)
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Proof:

Follows directly from Theorem 5.1, when we recall that @, is always regular in this case.

(The case n = 2 must be handled separately.) ]
For technical reasons we introduced the assumption a, # —1 for all n. It can be shown
that a recurrence relation of the form (5.1) is valid also in the case that a, = —1 for some
n.

Corrollary 5.3 Letasm =1, m=1,2,..., 0am41 = =1, m=0,1,2,.... Assume Hatl ihe
sequence {®,} is reqular. Then {®,} satisfies a recurrence relation of the following form:

Am
Oom(2) = (; - =+ Bam)®2m1(2) + Coam®ams(2) m=1,2,... (5.11)
Azm
®2m+1(3) = ( ﬁ:? - Bzm+1)@2m(z) + C?m+1¢‘2m—1(2) m=1,2. (5-12)
Proof:
Follows directly from Theorem 5.1. ]

6 Orthogonality and recurrence in the plane situa-

tion

Let {A,} be an arbitrary sequence of (not necessarily distinct) points in H, U H_, and
assume that A; # A; for all j, k. Set

(6.1)

of. (1.1).

Then a, € DUE, and a; # 1/ax for j # k. To the functions (a(z) correspond the
functions I',,(Z) defined by

Fu(Z) = Pty e (6.2)
Define A, by

Ao=1; Bl2)=TITE) Bl (6.3)
=1

13



and set
M, = Span{lo, By}, M =USM,. (6.4)

We set Mpo = (M. : M € My}, Mo = UM n. Let M be a linear functional on
M + M, and let <, > be defined by (1.7). The functions F, defined by

=2 (6.5)

Fo(Z) = @,( Z+z

=

are orthogonal functions corresponding to the bases {M,}. (Here {®,} are orthogonal
with respect to the inner product (1.6) corresponding to the bases {£,.}.)

We define

f2(Z) = Au(2) fan(Z) (6.6)
when f, € M,, and note that f € M,.

We further observe that

= " &4
F(2)=9.(2), z= 71 (6.7)
We call F,, degenerate if F(A,-;) = 0, exceptional if F,(A,_,) = 0.
Note that if Z = 7(z), A = r(a) (cf.(1.1)), then
_ WE-B
TSz A+ i
2%(Z - A)
l-az=——= —. 6.9
(1—ANZ+1) -

Theorem 6.1 The sequence {F,} satisfies a recurrence relation of the following form:

Z - Ay Z A

e e X
F:(Z):Dnﬁ_— -1(Z2)+E, ZZ_X_IF"'I(Z n=12.. (6.11)
Ao=1i, Fo=1, F =1. (6.12)
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Proof:
Follows from Theorem 3.1 by the substitutions (6.7), (6.8), (6.9). O

Theorem 6.2 Assume that F, is non-degenerate. Then F, satisfies a recurrence relation

of the following form:

Z - A,
= da

F2)= 22F; F7(2) + (Bl = 1Da ) 2222 Foa(2) (6.13)

In particular this is the case if the functional M is positive definite and all A, € H, or
all A, € H_.

Proof:
Follows as above from Theorem 3.4. D

It follows by combining (6.11) and (6.13) that if the sequence {F,} is non-degenerate, then
the elements of the sequence {Fy, F*, F\, F;°, F,..., F, F,,...} are the denominators of
a continued fraction, just as in the circle case. We shall call also these continued fractions

NP-fractions.

Theorem 6.3 Assume that {F,} is non-exceptional. Then {F,} and {F>} satisfy recur-

rence relations of the following form:

En(Z = An—l) E_nDu(Z S An—l)

F (Z)= — | F._1(Z 6.14
(2)= oo s S Sl (2) (6.14)
Bl = Al g ;
E. D i PP sl T}, =23...
B - Dt Fac(2),
E_n(z i An—l) En.—l(Z e An—l)
~ Z == Bl el ~ ’
Fr(2) = (Pt T 2) (6a9)
D, (Z — Anci)(Z — An_2)
- A L T — F Z), =23,
Dn “ 1| J 1| ] (Z An)(Z_An—l) n—2( ) n
D, + E\Z E+D.Z
FCI 3 0 17 1( ) 7 . Al bl | . . ( )
Proof:
Follows as above from Theorem 3.6. ]



It follows that if the sequence {F,} is non-exceptional, then the elements of the sequences
{F.} and {F} are the denominators of two continued fractions. These are again instances
of MP-fractions. (See Section 4,5.)

In the special case A, = 1 for all n (corresponding to the polynomial case in the circle

situation) these formulas reduce to

FuZ) = (Bagt + 22 Fas(2) = ollBnesl = 1DasP) g Faa(2) (617)
F2(2) = (B + 2\ 2 | (2) - Z=2(1Bacsl ~ IDacs Pl S Fial2). (618)

D,

7 Orthogonality and recurrence in the line situation

Let {A,} be an arbitrary sequence of (not necessarily distinct) points on R. Define the
points a, as in Section 6:

A, -t
A, +14
Then a, € T. To the functions w,(z) defined in (4.1) correspond the functions 2,(Z)
defined by

(7.1)

anp =

=1 UN=1l(Z-4) n=12... (7.2)

k=1

We set

1
'ﬁ—' = . } M= Un___o ... (73)

Let £, £ be the spaces defined by (4.2).

M, = Span{—é-,
0

Let M be a functional on M - M with <, > defined by (1.7). The functions F, defined by

Fa(2) = 8,() = #o(22) (7.4)

Z+1

are orthogonal functions corresponding to the bases {M,}. (Here {®,} are orthogonal
with respect to the inner product (1.6), corresponding to the bases {£,}.)

We may write F;, in the form

P.(2)
0.(Z)

Fu(Z) = , Bl (7.5)
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We shall call F, singular if P,(A,-1) = 0. (Here as in the circle situation, the properties
of being degenerate and of being exceptional coincide, and we use the word singular for

these coinciding phenomena in this case.) We call F, regular if P,(A,-1) # 0.

Theorem 7.1 Assume that the system {F,} is reqular. Then a recurrence relation of the

following form holds:

b(Z ~ Hipy) g~ s -
Pl %)== [Z A + 7 A |Frna(Z2) + C, g Fo-2lZ), n=123,.., (18
with initial condition
Ag=1. (7.7)
Proof:
Follows from Theorem 5.1 by the substitutions (1.1) and (7.4). J

Let A, = oo for all n. By (1.1) this corresponds to a, =1 for all n. In this case ®,(z) are

of the form
Ba(s) = ) (1.9
see (5.7). By substituting for z from (1.1) we get

Fi(2) =Y m2", (7.9)

k=0

which is a polynomial. Thus A, = oo for all n represents the polynomial situation.

Corrollary 7.2 Let A, = oo for all n. Then the sequence {F,} satisfies a recurrence

relation of the form

Fa(Z) = (anZ + b2)Fa-r(Z) + CaFa_2(Z), n=2,3,4... (7.10)

Proof:
Follows from Corollary 5.2 by the substitutions (1.1) and (7.4). 1

Let Ay = 00, m =1,2,..., Ayny1 =0, m =0,1,2,.... Then the orthogonal functions
®,.(z) are of the form

m m

Bym(2) = E(z—l)* Z . ;"_“1),‘, (7.11)

17



m m+1

Tk

; 6
Doms1(2) = z z_l)k Z  (z+ 1) (7.12)
By substituting in (7.11)-(7.12) from (1.1) and (7.4) we get
Fan(Z)= Y maZ* (7.13)
k=-m
FmiilB)= 3. ®l’ (7.14)
_ k=—(m+1)

These functions are orthogonal Laurent polynomials.

Corrollary 7.3 Let Az =0 form = 1,2,..., Aguyr =0 form =10,1.2,.... Assume
that the sequence { F,} is regular. Then {F,.} satisfies a recurrence relation of the following

form:
For(Z) = (a2mZ + b2 )(Fam-1(Z) + camFam-2(Z), m = 1,2,3,... (7.15)
Fimsi(2) = (“22“ + bimi1 ) Pl Z) + oomiiBanill), =Bl 2 ... TN

Proof:
Follows from Corrollary 5.3 by the substitutions (1.1) and (7.4). ]

The above recurrence relations are essentially the well-known recurrence relations for reg-

ular orthogonal Laurent polynomials. (See [20,32]. Cf. also [31].)
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