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Abstract

We present a new kind of second generation wavelets on
a rectangular grid. These wavelets are constructed using a
2D lifting scheme which is based on a red-black blocking
scheme. Compared to classical tensor product wavelets
on the same grid, these new wavelets show less aniso-
tropy. The performance of the new wavelets was com-
pared to tensor product wavelets in an image denoising
application.

1 INTRODUCTION

Classical one-dimensional wavelet transforms can be ex-
tended to more dimensions using tensor products, yield-
ing a separable multi-dimensional transform. A dis-
advantage of this technique is the introduction of an
anisotropy in the wavelet decomposition. In the two-
dimensional case, a tensor product wavelet transform will
favor horizontal, vertical and diagonal features of the
original data. Other features are not that easily detected.
Non-separable wavelets can provide a solution to this. In
this paper, we present a new kind of second generation
wavelets on a rectangular grid — more specifically, on a
quincunx lattice — constructed using the lifting scheme.

2 THE LIFTING SCHEME

The lifting scheme (e.g. [5]) is an algorithm to calculate
wavelet transforms in an efficient way. It found its roots
in a method to improve a given wavelet transform to ob-
tain some specific properties. Later it was extended to
a generic method to create so-called ‘Second Generation’
wavelets. In this paper, we design a new family of second
generation wavelets on a rectangular grid.
One of the great advantages of the lifting scheme real-
ization of a wavelet transform is that it decomposes the
wavelet filters into extremely simple elementary steps,
and each of these steps is very easily invertible. As a
result, the inverse transform can always be obtained im-
mediately from the forward transform.
In practice, discrete signals are represented by integers.
Another advantage of the lifting scheme is that a discrete
wavelet transform computation using the lifting scheme

can easily be converted to a transform that maps inte-
gers to integers, while retaining the perfect reconstruction
property[1, 6].

2.1 Predict and Update

At each resolution level of a wavelet transform, the signal
is split into a high pass and a low pass part and the low
pass part is split again etc. These high pass and low pass
parts are obtained by applying corresponding wavelet fil-
ters.
The lifting scheme is an efficient implementation of these
filtering operations. Suppose that the low resolution part
of a signal at level j + 1 consists of a data set λj+1. This
set is transformed into two other sets at level j: the low
resolution part λj and the high resolution part γj . This
is obtained first by just splitting the data set λj+1 into
two separate data subsets λj and γj (e.g. the even sam-
ples and the odd samples). Such a splitting is sometimes
referred to as the lazy wavelet transform. Then these two
sets are recombined in several subsequent pairs of lifting
steps which decorrelate the two signals.
A dual lifting step can be seen as a prediction: the data γj

are ‘predicted’ from the data in the subset λj . When the
signals are still highly correlated, then such a prediction
will usually be very good, and thus we do not have to keep
this information in both signals. That is why we can keep
λj and store only the part of γj that is not predictable
(the prediction error). Thus γj is replaced by γj −P(λj)
where P represents the prediction operator. This is the
real decorrelating step.
However, the new representation has lost certain basic
properties, which one usually wants to keep, like for ex-
ample the mean value of the signal. To restore this prop-
erty, one needs a primal lifting step, whereby the set λj

is updated with data computed from the (new) subset γj .
Thus λj is replaced by λj +U(γj) with U some updating
operator.
In general, several such lifting steps can be applied in
sequence to go from level j + 1 to level j.
To recapitulate, let us consider a simple lifting scheme
with only one pair of lifting steps.

Splitting (lazy wavelet transform) Partition the data set
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λj+1 into two distinct data sets λj and γj .
Prediction (dual lifting) Predict the data in the set γj by

the data set λj : γj ← γj − P(λj).
Update (primal lifting) Update the data in the set λj by

the data in set γj : λj ← λj + U(γj).

These steps can be repeated by iteration on the λj , creat-
ing a multi-level transform or multi-resolution decompo-
sition.
The inversion rules are obvious: revert the order of the
operations, invert the signs in the lifting steps, and replace
the splitting step by a merging step. Thus, inverting the
three step procedure above results in

Inverse update λj ← λj − U(γj),
Inverse prediction γj ← γj + P(λj),
Merge λj+1 ← λj ∪ γj .

2.2 Integer Transforms

In practice, discrete signals are represented by integers.
Doing the filtering operations on these numbers however
will transform them in rational or real numbers because
the filter coefficients need not be integers. To obtain
an efficient implementation of the discrete wavelet trans-
form, it is of great practical importance that the wavelet
transform is represented by a set of integers as well.
We shall round the intermediates of each lifting step to
integers (for example the nearest integer) and indicate this
operation by square braces. Thus, we actually compute
rounded values:

γj ← γj − [P(λj)] ;λj ← λj + [U(γj)] .

It is not difficult to verify that each step of the lifting
scheme with rounding is perfectly invertible and thus the
whole signal is perfectly reconstructable, whatever the
rounding rule we use, on condition of course that the
rounding is deterministic.

2.3 Example: Cohen-Daubechies-Feauveau

The popular family of classical biorthogonal wavelets
constructed by Cohen, Daubechies and Feauveau [2] fits
in the above scheme. Especially its member with two
vanishing moments for both the primal and dual wavelet
(hence named CDF (2, 2) wavelet) is widely used.
Thanks to the lifting scheme, the accompanying wavelet
transform can be implemented in an efficient way (see
e.g. [6]). From the second generation viewpoint, one
transform step of a discrete signal x = {xk} looks like:
Splitting Split the signal x (i.e. λj+1) into even samples

(i.e. λj) and odd samples (i.e. γj):

si ← x2i; di ← x2i+1.

Prediction Predict the odd samples using linear interpo-
lation:

di ← di −
1

2
(si + si+1).

Update Update the even samples to preserve the mean
value of the samples:

si ← si +
1

4
(di−1 + di).

Note that this transform works on one-dimensional data.
For two-dimensional data, it can be applied row and
columnwise, resulting in a tensor product wavelet trans-
form. This is a separable transform.

3 THE RED-BLACK WAVELET TRANSFORM

In the previous section, we presented the principle of con-
structing wavelet transforms by the lifting scheme in a
very general setting. It was not assumed that the data
sets were one-dimensional for example. The same prin-
ciple and the same description can be applied to two or
more dimensional data as well. As an illustration, we
apply these ideas to the two-dimensional case in its sim-
plest possible appearance: a two-dimensional analogue
of the one-dimensional CDF (2, 2) wavelet. We assume
that the data are given on a regular rectangular grid. It
should be clear form our previous exposition, that this is
about the simplest nontrivial case that can be conceived,
and that much more complex schemes are possible. How-
ever, because in the one-dimensional case, the CDF (2, 2)
wavelets are widely used, we are convinced that the two-
dimensional analogue that we present below has the same
potentials as the the CDF (2, 2) wavelet.

3.1 A Two-Step Method

Our approach is inspired by the well-known Red-Black
Gauss-Seidel technique for the iterative solving of linear
systems. In the literature [4], the kind of lattice we use
is known as a quincunx lattice. However, we prefer the
name Red-Black wavelet transform because it is simpler
and it is more appropriate to describe the splitting step in
the lifting scheme.
The idea is that we first split the data in two subsets. The
even/odd splitting from the one-dimensional case is re-
placed by a checkerboard splitting, with red and black
squares. Thus we have a red subset λj and a black sub-
set γj . Then we predict the values of the black subset
γj from its immediate neighbors in the red set. In ac-
cordance with the CDF (2, 2) lifting scheme, we take for
this prediction an average of the four neighbors. The ele-
ments in γj are replaced by their prediction errors. Next,
we have to make an updating step for the data in the red
subset λj , which is based on the (new) black values, to
preserve the mean value of the data.
For the subsequent resolution level j−1, we are left with
the (new) red set λj from the previous level. However,
it is clear by looking at Figure 1, that these data are ar-
ranged along diagonals on the grid. Thus we cannot re-
peat the same operation on a horizontal/vertical basis as
on the previous resolution level, but we can do it on the
diagonals instead. Again we start by splitting λj into two
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Figure 1: Horizontal/vertical lifting in the odd steps: Red-
Black.

subsets: the blue subset λj−1 and the yellow subset γj−1

(see Figure 2). The same kind of averaging and updat-
ing steps are then computed for the blue-yellow squares.
For the next resolution level, we have to decompose the
blue subset further, but since this subset is again arranged
in a horizontal/vertical manner, we can do again a red-
black update. It is seen that we will have alternatingly a
red-black and a blue-yellow splitting to pass through the
subsequent resolution levels. Therefore we say that the
Red-Black wavelet transform is a ‘two level’ transform.
We give now the formulas which are based on these ideas
in a more schematic presentation. Since we are working
on a rectangular grid, the input data set λj+1 is an image,
i.e. a rectangular matrix X = xi,j .

3.1.1 Horizontal/Vertical Lifting

Splitting: The image λj+1 is split in the red squares λj ,
and the black squares γj (cfr. Figure 1).

Prediction: The black squares are predicted using linear
interpolation based on the 4 neighboring red squares:

xi,j ← xi,j −
1

4
(xi−1,j + xi,j−1 + xi,j+1 + xi+1,j) ,

for i mod 2 6= j mod 2.
Update: The red squares are updated using the black

squares to preserve the mean value:

xi,j ← xi,j +
1

8
(xi−1,j + xi,j−1 + xi,j+1 + xi+1,j) ,

for i mod 2 = j mod 2.
The inverse transform is straightforward.

3.1.2 Diagonal Lifting

For this step we consider the checkerboard to be rotated
over 45◦.
Splitting The red squares in Figure 1 (the data λj) are

partitioned in the blue (the data λj−1) and yellow (the
data γj−1) squares in Figure 2.

Prediction The yellow squares are predicted using linear
interpolation based on the 4 neighboring blue squares:

xi,j ← xi,j −
1

4

(

xi−1,j−1 + xi−1,j+1+
xi+1,j−1 + xi+1,j+1

)

,

for i mod 2 = 1 and j mod 2 = 1.

−= 1/4∗ += 1/8∗
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Figure 2: Diagonal lifting in the even steps: Blue-Yellow.

Update The blue squares are updated using the yellow
squares to preserve the mean value:

xi,j ← xi,j +
1

8

(

xi−1,j−1 + xi−1,j+1+
xi+1,j−1 + xi+1,j+1

)

,

for i mod 2 = 0 and j mod 2 = 0.
Again, the inverse transform is straightforward.

The next step (horizontal/vertical lifting, again) will be
performed on the blue squares only, yielding a multi-
resolution decomposition.

3.2 Integer Wavelet Transform
Because the Red-Black wavelet transform is based on the
lifting scheme, a version that maps integers to integers is
immediately deduced: all computations giving a floating
point number are rounded to an integer, e.g.

µ← µ−
1

4
(ρ+ σ + τ + υ)

becomes

µ← µ−

[

1

4
(ρ+ σ + τ + υ)

]

and similarly for all the other steps.

3.3 Basis Functions
In a classical one-dimensional wavelet transform, all
basis functions are derived from two functions — the
mother and the father wavelet — by dilation and transla-
tion. In the case of one-dimensional bi-orthogonal wave-
lets, there is also a dual basis. However, in our construc-
tion we use different wavelet transforms for the even and
odd steps. As a consequence all basis functions are de-
rived from three1 functions:
ψlow(x, y) Basis function corresponding to the low pass

part of the diagonal lifting step.
ψmid(x, y) Basis function corresponding to the high pass

part of the diagonal lifting step.
ψhigh(x, y) Basis function corresponding to the high

pass part of the horizontal/vertical lifting step.
Graphs of these basis functions (for the integer variant of
the lifting scheme) are shown in Figure 3.

1We do not consider the intermediate basis functions corresponding
to the low pass parts after the horizontal/vertical lifting steps.
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Figure 3: Graphs of the basis functions for the integer
Red-Black wavelet transform.

3.4 Other Members of the Family

As we already mentioned at the beginning of this sec-
tion, we used in the description above very simple pre-
diction and update ‘molecules’. The molecules have the
form of a cross: a normal cross for the odd steps and a
diagonal cross for the even steps. These give us wave-
let functions with 2 vanishing moments, cfr. the Cohen-
Daubechies-Feauveau biorthogonal wavelets. By using
larger molecules and more advanced prediction and up-
date formulas, one can create smoother basis functions
with larger supports.

4 PROPERTIES OF THE RED-BLACK WAVE-
LET TRANSFORM

The Red-Black wavelet transform has the following prop-
erties:
2D: The Red-Black wavelet transform is a non-separable

true two-dimensional transform.
Isotropy: It is less anisotropic than tensor product wave-

lets on the same rectangular grid.
The edges which are manifest in the figures of the
tensor product wavelets show the pronounced verti-
cal/horizontal orientation, while this is not visible in
the figures of the Red-Black wavelets.

Symmetry: All basis functions have four symmetry
axes: horizontal, vertical, and diagonal.

Biorthogonality: The splitting in red and black or blue
and yellow pixels creates trivial biorthogonal basis
functions. Since lifting steps preserve the biorthogo-
nality properties the transform as a whole has biorthog-
onal basis functions, too [5].

Smoothness: The wavelet functions (both primal and
dual) have two vanishing moments: constant, linear
and bi-linear functions can be represented exactly by
the scaling functions.

Implementation: Both the forward and inverse trans-
form are very simple to implement and have fast ex-
ecution times (O(n), with n the number of elements in
the grid), due to the underlying lifting technology.

5 CONCLUSION

Red-Black wavelets are less anisotropic than tensor prod-
uct wavelets. Compared to a similar tensor product wave-
let, image denoising using Red-Black wavelets performs
better for lines that are not horizontal, vertical or diag-
onal. Besides image processing, other possible applica-
tions are situated in partial differential equations.
The ‘two level’ principle of the Red-Black wavelet trans-
form is not restricted to a quincunx lattice. It can also
be extended to triangular or hexagonal regular grids: an
update and predict pair on a triangular grid will yield a
hexagonal low pass grid, and vice versa. Note that one is
not limited to planar grids: (semi-)regular grids of trian-
gles or hexagons on a sphere are also possible.
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